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REDUCTION OF TRIANGULATED CATEGORIES AND MAXIMAL 
MODIFICATION ALGEBRAS FOR cA n SINGULARITIES 

OSAMU IYAMA AND MICHAEL WEMYSS 



Abstract. In this paper we define and study triangulated categories in which the 
Horn-spaces have Krull dimension at most one over some base ring (hence they have 
a natural 2-step filtration) , and each factor of the filtration satisfies some Calabi— Yau 
type property. If C is such a category, we say that C is Calabi— Yau with dim C < 1 . We 
extend the notion of Calabi— Yau reduction to this setting, and prove general results 
which are an analogue of known results in cluster theory. 

Such categories appear naturally in the setting of Gorenstein singularities in di- 
mension three as the stable categories CM R of Cohen-Macaulay modules. We explain 
the connection between Calabi- Yau reduction of CM R and both partial crepant res- 
olutions and Q-factorial terminalizations of Spec R, and we show under quite general 
assumptions that Calabi- Yau reductions exist. 

In the remainder of the paper we focus on complete local cA n singularities R. By 
using a purely algebraic argument based on Calabi- Yau reduction of CM R, we give a 
complete classification of maximal modifying modules in terms of the symmetric group, 
generalizing and strengthening results in [B1KR] and [EH], where we do not need any 
restriction on the ground field. We also describe the mutation of modifying modules at 
an arbitrary (not necessarily indecomposable) direct summand. As a corollary when 
k = C we obtain many autoequivalences of the derived category of the Q-factorial 
terminalizations of Spec R. 
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1. Introduction 



1.1. Overview. Let R be a commutative Gorenstein ring of dimension 3. This paper 
develops algebraic tools, specifically CY reduction and other commutative algebraic tech- 
niques, that allow us to deduce various results related to the geometry of partial resolu- 
tions of Spec R by arguing directly on the base R. Let us first explain why this should be 
possible. 

Suppose that we have a chain of crepant morphisms 

Y n -> Y n -\ -¥ ... ->■ Y\ -> Spec R. 

Then as the spaces get 'larger' the corresponding singular derived categories D sg (Yi) := 
D b (coh Yi)/perf(Yi) get 'smaller', since the singularities are improving under crepant mod- 
ification. The 'largeness' of these categories is measured by the number of modifying ob- 
jects that they contain (for the definition, see §1.3), the best case being when there are no 
non-zero modifying objects, in which case the space must be a Q-factorial terminalization 
of Spec R [IW2]. 

Now under favourable conditions, each Yf is derived equivalent to some ring Ai, and 
whenever this happens necessarily Aj has the form A, = End^(Mi) £ CMR for some 
Mi £ ref R [IW2]. In this case, we obtain full subcategories Zi of D sg (Ai) and full dense 
functors 

Ds g (A„) 




Dsg(A0 


D sg (j 


ui ,p ^ 


\ UI 


^Zi 


Z 



(see §3.1). Calabi-Yau reduction gives us the language in which to say D 5g (Ai) is obtained 
by quotienting the subcategory Z^_i of D sg (A,_i), i.e. a way of obtaining D 5g (Ai) from 
the previous level. Even better, we do not have to do this step-by-step, as in the above 
setup there is a functor from a certain subcategory Z of D 5g (i?) all the way to D 5g (A n ), 
and we can obtain D sg (A„) by simply quotienting Z (see §3.1). 

Thus the idea is that we should be able to detect all the categories D sg (Ai), and 
thus all the categories D sg (Yi), by tracking this entirely in the category D sg (i?) = CM it! 
associated with the base singularity R. We thus view any CY reduction of the category 
CM J? as the 'shadow' of a partial crepant resolution of Speci? and in this way CMR 
should 'see' all the singularities in the minimal models Y n of Spec R. 

1.2. CY Categories of Dimension at Most One. We begin in a somewhat more 
general setting. We let C denote a triangulated category, and we suppose that M. C Z 
are full (not necessarily triangulated) subcategories of C. 

Theorem 1.1. With the setup as above, assume further that A4 is functorially finite in Z, 
and that Z is closed under cones of M-monomorphisms and cocones of Ad-epimorphisms 
(see $2.1 for more details). Then Z/[A4] has the structure of a triangulated category. 

We then show that Z/[M] inherits properties from C. We hx a commutative d- 
dimensional equi-codimensional CM ring R with a canonical module wr. For X £ modi?, 
we denote by fl^ X the largest sub i?-module with finite length. 

Definition 1.2. (=2.2) Let C be an i?-linear triangulated category. We assume dim/? C < 
1, i.e. dim R Hom c (X,Y) < 1 for all X, Y £ C. Let T C (X,Y) := f\ R Hom c {X, Y) for every 
X, Y £ C, then there exists a short exact sequence 

-*■ T C (X, Y) -> Hom c (Y, Y) -> F C (X, Y) -*■ 0. 

We say that an autoequivalence S : C — > C is a Serre functor if for all X, Y £ C there are 
functorial isomorphisms 

D (T C (X,Y))^T C (Y,SX), 

D 1 (F C (X,Y))&F C (Y,SX). 

where Di := Fixt R ~ l (—,LU[j). If S := [n] is a Serre functor for an integer n, we say that C 
is an n-Calabi-Yau triangulated category of dimension at most one, and write 'C is n-CY 
with dim/? C < V. 
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Now if C is n-CY with dim^ C < 1, we say that M G C is modifying if Home (M, M[i]) = 
for all 1 < i < n — 2 and further Tc(M, M[n — 1]) =0. Given a modifying object M, we 
define 

Z M := {X G C Homc(X, M[i]) = for all 1 < i < n - 2 and T C (X, M[n - 1]) = 0}, 

C M := Zm/[M}. 

The following is our main result in this abstract setting. 

Theorem 1.3. (=2.7, 2.9) Let M be a modifying object in an n-CY triangulated category 
C with dimjj C < 1 . Then 

(1) Cm is an n-CY triangulated category with dim/jC/y/ < 1. 

(2) Assume that C is Krull-Schmidt and M is basic. Then there exists a bijection between 
basic modifying objects with summand M in C and basic modifying objects in Cm- 

We call the category Cm the Calabi-Yau reduction of C with respect to M. 

1.3. CY Reduction in D sg (i?). We then apply and improve the general results in §1.2 
in the setting of our original motivation (§1.1). When R is a commutative Gorenstein 
ring, it is well-known that D sg (i?) ~ CM J? [Bu]. As an application of AR duality on not- 
necessarily-isolated singularities we obtain the following, which is our main motivation for 
studying n-CY categories C with dim^C < 1. 

Theorem 1.4. (=3.1) Let R be a commutative d-dimensional equi-codimensional Goren- 
stein ring with dim Sing R < 1. Then CMR is a (d — 1)-CY triangulated category with 
dimn(CMfl) < 1. 

Now to relate §1.2 to our previous work [IW1], the next result says that when R is 
Gorenstein and M G CMR, the notion of modifying introduced in §1.2 is equivalent to 
the condition End^(M) G CM it!, which was the definition of modifying used in [IW1]. 

Lemma 1.5. [IW1, 4.3] Let R be a commutative d-dimensional equi-codimensional Goren- 
stein ring with dim Sing R < 1, and let M G CMR. Then End#(Af) G CMi? if and only 
if M is a modifying object in CM R (i.e. HomcMflfAf, M[i]) = for all 1 < i < d — 3 
and Tcmr(M, M[d - 2]) = 0). 

By 1.4 and 1.5, the first part of the next result is an immediate corollary of 1.3. 

Corollary 1.6. (=3.5) Let R be a commutative d-dimensional equi-codimensional Goren- 
stein normal domain with dim Sing R < 1, and let M G CM R be modifying. Then 

(1) the CY reduction (CMR) M of CMR is (d-l)-CY with dim B (CM AW < 1. 

(2) ( CM R) M ~ CM End r(R® M) as triangulated categories. 

As in [IW1] , we view modifying modules as the building blocks of our theory: 

Definition 1.7. [IW1] (1) We say that a modifying i?-module M is maximal modifying 
(or simply MM) if whenever M®X is modifying for some X G ref R, then X G addM. If 
M is a MM module, we say that End^(M) is a maximal modification algebra (—MM A). 
(2) We say that M e CMR is cluster tilting (or simply CT) if add M = {X € CM R | 
Rom R (M,X) eCMR}. 

Recall that a normal scheme X is defined to be (^-factorial if for every Weil divisor 
D, there exists n G N for which nD is Cartier. If X and Y are varieties, then a projective 
birational morphism /: Y — > X is called crepant if f*uJx = Wy. A ^-factorial terminal- 
ization of A is a crepant projective birational morphism fiY—}X such that Y has only 
Q-factorial terminal singularities. 

Using 1.6 together with our previous work relating MMAs to the minimal model 
program, we obtain the following. Recall we say that a module M is a generator if 
R G add M. 

Theorem 1.8. (=3.14) Let R be a 3- dimensional Gorenstein normal domain over C 
with rational singularities. If some (^-factorial terminalization Y of Spec R is derived 
equivalent to some ring A, then there exists an MM generator M G CM R of R such that 

(1) the CY reduction ( CM R) m of CM R is triangle equivalent to D 5g (y), 

(2) ( CM R) m is a 2-CY triangulated category with dim r ( CM R)m = and has no non- 
zero rigid objects. 
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Thus we can detect the Q-factorial terminalizations of Speci? on the level of CY 
reduction of CM R. 

1.4. Mutation of MM modules and Tilting Mutation. The results of CY reduction 
in §1.3 allow us to deduce the existence of MM generators in certain concrete examples (see 
§1.5), and so the question becomes how to deduce that they are all the MM generators. 

Suppose that R is a complete local normal Gorenstein domain with dim R = 3, and 
we denote by MMG R the set of isomorphism classes of basic MM generators of R. By 
[IW1, §6.2] we have an operation on MMGR called mutation which gives a new MM 
generator /Xj(M) for a given basic MM generator M = R © (© ie /Mj) by replacing an 
indecomposable non-free direct summand Mi of M. We denote by EG(MMG-R) the 
exchange graph of MM generators of R, i.e. the set of vertices is MMG R, and we draw 
an edge between M and fj,i(M) for each M € MMGi? and i e I. 

In this setting we have the following. 

Theorem 1.9. (=4-3) If the exchange graph EG(MMGi?) has a finite connected compo- 
nent C, then EG(MMGi?) = C. 

Thus by 1.9 if we start with a MM generator M and show that only finitely many MM 
modules are produced after repeatedly mutating at all possible indecomposable non-free 
direct summands, then we can conclude that this finite list of MM generators are all. This 
fact will be used in §1.5, and is also needed in the geometric setting of Nolla-Sekiya [NS, 
§5.5]. 

1.5. cA n Singularities. The remainder of this paper consists of an application of the 
above techniques to the case of complete local cA n singularities. Let k be any field, and 
let S := k[[x,y]]. For f E m := (x,y), let 

R~S[[u,v]]/(f-uv) 

and / = f\ . . . f n be a factorization into prime elements of S. For any subset / C {1, . . . , n) 
we denote 

fi=]Jfi and T/ :=(«,/,) 

which is an ideal of R. For a collection of subsets C I 1 C I 2 C . . . C I m C {1, 2, . . . , n}, 
we say that T — {I\, . . . , I m ) is a flag in the set {1,2,..., n}. We say that the flag T 
is maximal if n = TO + 1. We can (and do) identify maximal flags with elements of the 
symmetric group (see §5). Given a flag T — (I\, . . . , I m ), we define 




and so for each to € 6 n we let 

T W :=R® (u, A,(l)) © (U, /„(!) A,(2)) © • • • 8 («, L(l) ■ ■ ■ /c(n-l))< 

As an application of results above, we have the following. 

Theorem 1.10. (=3.5(2), 5.7) Let T = (h, . . ., I m ) be a flag, and let (CMR) T r be the 
CY reduction of CM R with respect to T^ . Then we have triangle equivalences 

CMEndfl(T^) ~ (CMR) T r ~ ffi CM ( ^i x ^ u M] 

)ti \(/r«\j*-i-««) 

We remark that 1.10 is expected from, and generalizes, some results in [IW2, §5] 
which rely on very precise information regarding the singularities in the Q-factorial ter- 
minalizations of Spec R. Here there are no restrictions on the field, and also our method 
generalizes; since in many other examples the explicit forms of Q-factorial terminalizations 
are not known, being able to argue directly on the base singularity Spec R is desirable. 

In fact, most of the proof of 1.10 can be reduced to the following calculation, in 
dimension one. 
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Theorem 1.11. (=3.8) Let S = k[[x,y]] be a formal power series ring of two variables 
over an arbitrary field k, f,g £ S and R := S/(fg) be a one- dimensional hyper surf ace. 

(1) CMi? is a 2-CY triangulated category with dim^(CMi?) < 1. 

(2) S/(f) is a modifying object in CM R, and the CY reduction (CM.R)s/(f) of CMR is 
triangle equivalent to CM(S/(f)) x CM(S/(q)). 

Then, combining 1.10 with the mutation in §1.4, we are able to give a complete 
classification of the modifying, MM and CT i?-modules. This generalizes and strengthens 
results from [BIKR] and [DH], since our singularities are not necessarily isolated, and 
there is no restriction on the ground field. 

Theorem 1.12. (=5.1) Suppose that /i,...,/ n € m := (x,y) C fc[[x,j/]] are irreducible 
power series. Let R = k[[x, y, u, u]]/(/i ■ ■ ■ f n ~ uv), then 

(1) The basic modifying generators of R are precisely T , where J- is a flag in {1, 2, . . . , n} . 

(2) The basic MM generators of R are precisely T u , where ui £ ©„. 

(3) R has a CT module if and only if fi £ m 2 for all 1 < i < n. In this case, the basic 
CT R-modules are precisely T^ , where u> £ & n - 

This gives many examples of MMAs, and we give (in 5.29) the explicit quivers of these 
MMAs. We then specialize the field to k = C in order to apply our results to geometry. 
As a corollary to 1.12 we obtain the following remarkable result. 

Corollary 1.13. (=5.16, 5.17) When k = C, 

(1) The MM modules are precisely (I ®^ y^)** j or some w g Q n an & some I £ C\(R). 

(2) There are only finitely many algebras (up to Morita equivalence) in the derived equiv- 
alence class containing the MMAs. 

(3) There are only finitely many algebras (up to Morita equivalence) in the derived equiv- 
alence class containing the (^-factorial terminalizations of Spec R. 

Keeping k = C and R as above, we then move from studying the Q-factorial ter- 
minalizations of Spec R to the arbitrary partial crepant resolutions of Spec R, which in 
general have canonical singularities. We produce many examples of derived equivalences 
and autoequivalences on these singular spaces. The partial crepant resolutions of Spec R 
have a certain number of curves above the origin, and all singularities on these curves have 
the form uv = fi (see [IW2, 5.6]). We describe the partial resolutions combinatorially in 
terms of flags J 7 , and denote the corresponding spaces by X^ (see §5.4 for more details). 

Theorem 1.14. (=5.34) Let T and Q be flags in {1,2,..., n}. Then X^ and X Q are 
derived equivalent if they have the same number of curves above the origin of Spec R, and 
the singularities of X^ can be permuted to the singularities of X s . 

In fact, 1.14 comes very easily from a simple calculation which determines the muta- 
tions of a given modifying module: 

Theorem 1.15. (=5.27) Fix a flag T = (I\, . . . ,I m )> an d associate to T the module T^ 
and the combinatorial picture V(!F) (see $5.3). Choose ^- J C {1, . . . , m}, then /^,j(T" F ) 
is the module corresponding to the J -reflection ofP{T). 

In particular, since in the proof of 1.12 we prove that the exchange graph of MM 
modules is connected, 1.14 gives the following alternative proof of [('] in the case of 
complete local cA n singularities, which does not involve the argument passing to dimension 
four: 

Corollary 1.16. Let R = C[[x, y, u, v]]/{fi ■ ■ ■ fn — uv), then all (^-factorial terminaliza- 
tions of Spec R are derived equivalent. 

We remark that although all the results above are given in the complete local setting, 
this is mainly for our own convenience, since it simplifies calculations. Most of our results 
also hold in the polynomial setting, but the proofs are much more technical. 

Conventions. Throughout R will always denote a commutative noetherian ring, and in 
Section 5 R will always denote k[[x,y,u,v]]/(f — uv). All modules will be left modules, 
so for a ring A we denote mod A to be the category of finitely generated left A-modules, 
and Mod A will denote the category of all left A-modules. Throughout when composing 
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maps fg will mean / then g, similarly for quivers ab will mean a then b. Note that with 
this convention Hom^M, X) is a End_R(M)-module and Homn(X,M) is a End_R(M) op - 
module. For M G mod A we denote addM to be the full subcategory consisting of 
summands of finite direct sums of copies of M, and we denote proj A :— add A to be the 
category of finitely generated projective A-modules. 

Acknowledgements. The authors would like to Hailong Dao for many interesting dis- 
cussions regarding this work. 

2. Triangulated and CY Reduction 

2.1. Triangulated Reduction. In this section we let C denote a triangulated category, 
and we suppose that M Q Z are full (not necessarily triangulated) subcategories of C. 

Recall that we say a morphism / : A — > B in C is an AA-monomorphism if (/•) : 
Home (-B,M) -> Hom c (A, M) is surjective for all M G M. We say that / is an M- 
epimorphism if (•/) : Home (M, A) — > Homc(M, B) is surjective for all JI/gM. Similarly, 
we say that / is a left M- approximation of B if A G M with / an .M-monomorphism, 
whereas we say that / is a right A4- approximation of A if B G Af with / an M- 
epimorphism. 

Throughout this subsection we assume that A4 C Z satisfies 

(1) Every Z G Z admits a left A'f-approximation Z — > Mz and a right A'f-approximation 

Nz -» Z (i.e. M is functorially finite in Z). 

f 
(2a) Whenever Z\ — > Z 2 in Z is an .M-monomorphism, if we complete / to a triangle 

Z\ — > Z 2 — > C — > Zi[l) then C £ Z and g is an .M-epimorphism. 

(2b) Whenever Z^ — > Z3 in Z is an .M-cpimorphism, if we complete g to a triangle 

i? — >• Z2 — > Z% — > B[l] then B E Z and / is an .M-monomorphism. 

Recall that we denote Z/[A4] to be the additive category with the same objects as 
Z, but the morphism sets are defined to be Hom z /[ M ](X,Y) := Roniz(X,Y)/M(X,Y) 
where A4(X, Y) are the subspace of morphisms that factor through an object in M. The 
following result generalizes [IV, 4.2] where a very restrictive condition Homc(7W, -M[l]) = 
was assumed. Also we refer to [LZ] for a related result. 

Theorem 2.1. With the assumptions (1), (2a) and (2b) as above, U := Z/[M] has the 
structure of a triangulated category. 

Proof. We first define an autoequivalence (1) onW. For Z G U fix a left .M-approximation 
Z —^ Mz in Z, then define Z(\) to be the cone of otz in C, so we have a triangle 

Z •^ M z ^ Z(l) ^ Z[l] 
Note by assumption (2a) that Z(l) G Z. Now for / G Hom^(Zi, Z2) consider 



aZ l , , @ Z 1 , , T Z 1 r , 

Z x ^ M Zl ?— > Zi(l) ^^ Zi[l] 



/ 



9 h:=f(l) 



/[i] (2-A) 



-?— ). M Z2 ?— > Z 2 (l) ^^ Z 2 [l] 



where g exists because az x is an A^-monomorphism, and /i exists by TR3. We define 
/(l) := h. It is standard to check that (1) is a well-defined functor U -^U (e.g. [IY, 2.6]). 
For the quasi-inverse functor, for every Z G W fix a right A'f-approximation ./V^ — ► Z in 
Z, then define Z(— 1) via the triangle 

Z{-1) ^ N z ^ Z ^ Z(-l)[l]. 

In a similar way (—1) gives a well-defined functor U —> U. Since by assumption (2a) j3z 
is a left A'f-approximation, and by assumption (2b) Sz is a right A^-approximation, it is 
easy to check that (1) and (—1) are quasi-inverse to each other. 
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We now define triangles. For Z\ — > Z 2 an .A/f-monomorphism, we complete a to a 
triangle Z\ — > Z 2 — » Z 3 — ¥ Z\ [1] and so obtain a commutative diagram 



Zx 



Zi 



-^Z 2 - 



^Z a 



■+Z1 



^z^d-^z, 



(2.B) 



where -0 exists since a is an .M-monomorphism, and d exists by TR3. We define triangles 
in U to be all those isomorphic to the sequences 



Z x A Z 2 \ Z 3 4 Zi(l) 



obtained in this way. We now check the axioms of a triangulated category. 



id 



TRl(a) Let Z 6 U, then Z — > Z is an .A/f-monomorphism in Z, so 



^Z 



^M z 



->0 



+ Z(1) 



lz 



^z 



^z 



shows that Z — > Z — >• — > Z(\) is a triangle in U. 

TRl(b) Every sequence isomorphic to a triangle is by definition a triangle. 

TRl(c) Suppose that Z\ — » Z 2 is a morphism in W. Then Zi — > M Zl © Z 2 is an 

.M-monomorphism in iJ, so completing to a triangle gives 



("zj /) (92) „ 
Zi > M Zl © Z 2 >• Z 3 



+ Z\ 



v> 



Zl 



->M Zl 



/3 Zl 



"►^(1) 



7Zi 



-+£l 



(2.C) 



which shows that Z\ — > Z 2 —4 Z3 — > Zi{l), being isomorphic in W to 



Zl ^J\ M Zi © z 2 ^h Z 3 \ Zxil), 



is a triangle in £Y. 

TR2. (Rotation) Suppose that Z\ A Z 2 — > Z 3 — > Z\{1) is a triangle in U. By (2.C) we 
can assume that a is an .M-monomorphism, and the triangle arises from the commutative 
diagram (2.B). 

Now by rotating (2.B) we have a commutative diagram of triangles 



z 2 - 

M Zl 



^Z 3 



^Z x 



Pzi 



+ Zi(l) 



7Zi 



+ Zl 



1] ^Z 2 [l] 

V>[1] 
- Q z, [1] 

1] Hm Zi \i] 



(2.D) 



OSAMU IYAMA AND MICHAEL WEMYSS 



from which is follows that c • (— az-Jl]) = 0. Hence applying the octahedral axiom 

-o[l] -Ml] 

- Z 2 [l] —^ Z 3 [l] 




M Zl [l] (10) 




(^e^Wg) 




Zi(l)[l) 



(2.E) 



and rotating we obtain a triangle 
Z 2 A M Zl 



z,U Zl (i) ">- all \ z 2 [i] 



where / is an .M-epimorphism since f3z x is, and the diagram (2.E) commutes. By assump- 
tion (2b) e is an .M-monomorphism, so there exists a commutative diagram of triangles 



-> M Zl © Z 3 

\<t> 
^— > Mz 2 — 



>Z 1 (l) >z 2 



/3z 2 



->^ 2 (1> 



~z 2 



-^z. 



(2.F) 



and so by definition Z 2 H> M^ © Z3 — > i?i(l) A ^2(1) is a triangle in W. We now claim 
that the diagram 



-> M Zl © Z 3 

(?) 
^£3 



->Zi(l> 



->Zi(l> 



-o(l) 



-*2 2 <1) 



>£ 2 (1) 



commutes in U, as this proves that the rotation Z 2 —> Z3 — > Z\{1) 



-a(l) 



(2.G) 



> ^2(1) is a 



triangle in IA. The left square in (2.G) commutes immediately from the commutativity of 
the top right square in (2.E). For the middle square in (2.G), write / = K 1 ), so / = f 2 . 

Then from (2.E) we see that f 2 ■ 7zjl] = c[l], hence (d — f 2 ) ■ j Zl — c — c = 0. This 
implies that d — f 2 factors through f3 Zl , thus d = f 2 and so the middle square in (2.G) 
commutes. For the right hand square in (2.G), note that 

(h + a(l» • 1Z2 ( = F) - 1Zl • a[l] + o(l> • iz 2 (2 = } 



This implies that h + a(l) factors through f3 Z2 and so h = — o(l) as required. 
The proofs of TR3 and TR4 are identical to those in [IY, 4.2]. 



□ 



2.2. CY Categories and CY Reduction. In this subsection we let i? denote a d- 
dimcnsional equi-codimensional (i.e. dimi? m = dimi? for all m € Maxi?) CM ring with 
a canonical module uir. We assume that all our categories C are R-linear, in the sense 
that each Horn-set in C is a finitely generated i?-module such that the composition map 
is i?-bilinear. 

Let CMii? := {X e modi? | depth flm X m = dim flm X m = i for all m £ Maxi?} be 
the category of CM i?-modules of dimension i. Then the functor 

Di := Extt~'(-,o;fl): modi? -)■ modi? 
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gives a duality A : CM 4 R ->■ CM* i?. In the rest let T := CM i? and J" := CMi R. Thus 
CMo i? is the category of finite length _R-modules. Clearly we have Hom^(T, J 7 ) = 0, 
and also we have dualities Dq : T — > T and D\ : T -> J 7 . Any X G mod i? has a unique 
maximal finite length submodule, which we denote by ^\rX. 
Recall from the introduction the following. 

Definition 2.2. Let C be an R- linear triangulated category. We assume diiu^C < 1, 
where 

dirnR C := sup{dirnR Hom c (Y, Y) \ X, Y € C}. 
For every X, Y G C, by setting Tc(X,Y) := fl^Homc(A, Y), there exists a short exact 
sequence 

-*■ T C {X, Y) -► Hom c (Y, Y) -► F c (Jf, F) -> 

with Tc(X,Y) G 7" and Fe(X, Y) G J 7 . We say that an autoequivalence S: C — > C is a 
Serre functor if for all X,7 gC there are functorial isomorphisms 

D Q (T C (X,Y))=T C (Y,SX), 

D 1 {F C {XX))=F C (Y,SX). 

If S 1 = [n] is a Serre functor for an integer n, we say that C is an n-Calabi-Yau triangulated 
category of dimension at most one. 

Remark 2.3. We remark that the usual definition of n-CY is to simply take R = k where 
k is an algebraically closed field, so T — modi?, T = and Dq = Homfc(— , k). 

For our main examples of n-CY triangulated categories C with dim^C < 1, we refer 
the reader to §3. 

Definition 2.4. Fix n > 2 and suppose that C is an n-CY triangulated category with 
dim/? C < 1. We say that M G C is modifying if 
(1) B.omc(M,M[i]) = for all 1 < * < n- 2. 
(2)r c (Af,M[n-l]) = 0. 

Given a modifying object M, we define 

Z M ■= {X G C | Hom c (Y, M[i]) = for all 1 < i < n - 2 and T C {X, M[n - 1]) = 0}. 
Since C is n-CY, we have 

Z M = {X G C | Hom c (M, X[i]) = for all 1 < i < n - 2 and T c (Af, Y[n - 1]) = 0}. 

We call the factor category Cm '■— Zm/[M] the reduction of C. 

Remark 2.5. Since our category C is i?-linear, by assumption all Horn-sets are finitely 
generated i?-modules. In particular, for any M G C this implies that Homc(X, M) G 
modEnd c (M) op and Hom c (M, X) G mod Ende (M) for all X G C. Below, this allows us 
to construct both left and right (add M)-approximations. 

Now we wish to show that given a modifying object M in an n-CY triangulated cat- 
egory C with diniij C < 1 , then the reduction Cm has a structure of an n-CY triangulated 
category with dim# Cm < 1- First we need the following technical lemma. 

Lemma 2.6. Suppose that M is a modifying object in an n-CY triangulated category C 
with dim;? C < 1, with n > 2. Then for any X G Zm (respectively, Y G Zm), there exists 
a triangle 

X -4 M A Y ->• Y[l] 

iw£/l y G ^m (respectively, X G Zm), where f is a left (add M)- approximation and g is 
a right (add M) -approximation. 

Proof. Let f : X —¥ Mo be a left (add M)-approximation and complete / to a triangle 

I A M 4 7 ^ Y[l] (2.H) 

in C. We will show that Y G 2j\/ in two stages. 

Claim 1: Homc(Y, M[i]) = for all 1 < i < n— 2. When n — 2 there is nothing to prove, so 
we suppose n > 2. Simply applying applying Honic(— , M) to (2.H) and using the fact that 
X,M G Z(M), together with the surjectivity of (/•): Hom c (M ,M) -> Hom c (Y,A/), 
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verifies the claim. 

Claim 2: We next claim that 

Hom c (T [1 - n],M) gll ~" ] ') Hom c (M [l - n],M) (2.1) 

is injective. To verify this, if n = 2 then applying Homc(— , M) to (2.H) gives an exact 
sequence 

Hom c (Mo, M) A Hom c (X,M) -> Hom c (F[-l],M) -^-^ Hom c (M [-l],M) 

from which the surjectivity of (/•) gives the injectivity of (g[— 1]-). If n > 2 then the exact 
sequence 

Hom c (X [2 - n],M) = -»■ Hom c (Y~[l - n], M) g[1 ~" ] '> Hom c (M [l - rc],M) 

verifies the claim. 

Hence Claim 2 shows that Tc(Y[l — n],M) embeds inside Home (Mo [1 — ri\,M) = 
F C (M [1 - n],M). Since Hom fl (T, F) =0we deduce that T C (Y[1 - n],M) = 0. This, 
together with Claim 1, shows that Y G Zm- 

It remains to show that g is a right (add M)-approximation. Ifn > 2 then Homc(M, X[l]) 
and so (•<?): Home (M, Mo) — > Home(M, Y) is surjective, as required. Hence we can 
assume that n = 2. Now we have the following commutative diagram with exact rows 

0— >T C (M ,M)- — > Hom c (M , M) - — >F C (M ,M) >0 

V 

0^T C {X, M) ► Hom c {X, M) - — > F c (X, M) > 

so since Hom^(7", J 7 ) = we obtain an induced surjection 

F C (M , M) A F C (X, M) -> 0. (2.J) 

Now applying Home(Af, — ) to (2.H) and D\ to (2. J) and comparing them, we have a 
commutative diagram 

Home (M, M ) — ^->Homc(M,Y) y Hom c (M, X[l]) — —+ Hom c (M,M [l]) 

> F c (M, X [1] ) ^^ F c (M, M [1] ) 

of exact sequences. Since M is modifying and X G 2m, the two vertical maps are 
isomorphisms. Thus the injectivity of (-/[l]) implies the surjectivity of (-g). □ 

The following is the main result of this section. 

Theorem 2.7. Let M be a modifying object in an n-CY triangulated category C with 
dim^C < 1. Then Cm is an n-CY triangulated category with dim^ Cm < 1. 

The fact that Cm is triangulated follows by combining 2.6 and 2.1. It is also clear 
that dim.fi Cm < 1 holds since Home M (X, Y) is a factor module of Home (X, Y) for all 
X, Y G C. To prove the dualities, we need the following observations. 

Proposition 2.8. For any X, Y G Cm, we have functorial isomorphisms 
(1) Hom CM {X, Y(i)) = Hom c (X, Y\i}) for all i with l<i<n-2, 
(2)T CM (X,Y(d-\))=T c (X,Y[n-l]). 

Proof. Step 1: We claim for all X, Y G C M that T Cm (Y,X(1)) = T C (Y,X[1}) if n = 2, 
and Home M (Y, X (I)) = Home(Y, X[l]) if n > 2. Considering X and Y as objects in C, 
applying Home(Y, — ) to the triangle 



X2Z*M X -2Z>X(1)12+X[1] (2.K) 



gives an exact sequence 



Romc{Y,M x ) &+ Hom c (Y,X(l» -»• Hom c (Y,X[l]) -4 Hom c (Y,M x [l]) 
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Since fix is a right (add M )-approximation, Cok(- fix) — H.omc M (Y, X(l}), Thus we 
obtain an exact sequence 

-> Romc M (Y,X(l)) -»■ Hom c (y,X[l]) -► Hom c (y,M x [l]) (2.L) 

If n = 2 then T e (Y,M x [l]) = 0, which forces T Cm (Y,X{1)) = T e (Y,X[l]). If n > 2 then 
Hom c (y,M x [l]) = 0, hence Hom CM (y, A<1)) = Hom c (y,X[l]). 

Step 2: We claim that Hom c (A, Y(l)[i]) ^ Rom c (X,Y[i + 1]) for all X,Y e C M and all 
1 < i < n — 3. If n, < 3 this is vacuously true, so we assume that n > 3. In this case, the 
claim follows by applying Home (A, — ) to the triangle 

yi^Afy^y(l)^y[l]. (2.M) 

Step 3: We claim that if n > 2, then T c (X,Y{l)[n - 2]) * T c (A,y[n - 1]) for all 
X, Y G Cjvf. Applying Home (A, — ) to the triangle (2.M) we obtain an exact sequence 

0->Hom c (X,F(l}[n-2]) ->■ Hom c (A,y[n- 1]) -> Hom c (X, M Y [n - 1]). 

Since T c (X,M Y [n - 1]) = 0, the claim follows. 

Step 4 : Now we show the assertions. For any i with 1 < i < n — 2, we have 

Stop 1 Step 2 Step 2 

Hom CM (X,y(i)) = Kom c (X,Y(i-l)[l]) = Romc(X,Y{i-2){2]) = ... 

Step 2 Step 2 

= Hom c (X,y(l)[j-l]) = Hom c (X,y[f]). 
Thus (1) holds. On the other hand, for n = 2, Step 1 shows that (2) holds. For n > 2, 

Step 1 Step 2 Step 2 

T CM (X,Y(n-l)) - T c (X,Y(n-2)[l]) = T c (X,Y(n- 3) [2]) 2 ... 

Step 2 Step 3 

= T c (X,y<l)[n-2]) - T c (X,y[n-l]) 
shows that (2) holds. □ 

Now we are ready to prove 2.7. 
.Step 1: First we establish the Dq duality for Cm- For any A, F G Cm, we have functorial 
isomorphisms 

2.8 C:n-CY 2.8 

T Cm (Y,X(1)) = T C (Y,X[1}) = D (T c (X,Y[n-l])) = D (T c (X,Y(n - 1))). 

Consequently we have the Dq duality for Cm- 
Step 2: We claim that we have an exact sequence 

-► F CM (Y,X(n - 1)) -► F c (Y,X[n - 1]) ^±Z% F c (Y,M x [n - 1]). (2.N) 

If n = 2, then this is true by (2.L). If ri > 2 then applying Homc(y, — ) to (2.K) we obtain 
an exact sequence 

-> Hom c (y X(l) [n - 2]) -> Hom c (Y, X[n-l])-> Hom c (F, M x [n-1]). 

Since Hom c (F, A(l)[n - 2]) = Homc M (F,X(n - 1)) by 2.8(1) and the right term equals 
Fc(Y, Mx[n — 1]) by Y G Zm, we have an exact sequence 

-► Hom CM (y,X(n - 1)) ->■ Hom c (F,X[n - 1]) -> F c (F,M x [n - 1]). 

Since T Cjv/ (F, A(n - 1)) = T c (F,X[n - 1]) by 2.8(2), the claim follows. 

Step 3: Now we establish D\ duality for Cm- Applying Homc(— ,Y) to (2.K) and using 

the fact that ax is a left (add M)-approximation gives an exact sequence 

Homc(M x ,y) -> Hom c (A, Y) -► Hom CM (X, Y) -> 0. 

Applying Di and using the functorial isomorphism £>i (X) = D\ (A/ fl^ A) for X G mod i? 
with dim/? A < 1 , we have the upper sequence in the commutative diagram 

>D 1 (F Cm (X,Y)) >D 1 (F C (X,Y)) >D 1 {F C (M X ,Y)) 

~*~ -ct-x\n— 11 

>F CM (Y,X(n - 1)) -> F c (y, X[n - 1]) ^-> J F c (y, M x [n - 1]) 

of exact sequences, where the lower sequence is (2.N). Thus we have the desired isomor- 
phism. □ 
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Theorem 2.9. Let C be a Krull- Schmidt n-CY triangulated category with dim^C < 1, 
and let M be a basic modifying object. Then there exists a bijection between basic modifying 
(respectively MM, CT) objects with summand M in C and basic modifying (respectively 
MM, CT) objects in C M 

Proof. Any basic maximal modifying object N £ C with summand M belongs to Zm ■ For 
any A £ Zm, it follows from 2.8 that A is modifying as an object in C if and only if it is 
modifying as an object in Cm- Thus we have the assertion. □ 

We say that a modifying object M £ C is cluster tilting (or simply CT) if Zm = 
addM. The following observation will be used in §5. 

Corollary 2.10. Let M £ C be a modifying object and Cm be the CY reduction of C with 
respect to M . 

(1) M is MM if and only if Cm has no non-zero modifying objects. 

(2) M is CT if and only if Cm = 0. 

2.3. Do Duality Implies D\ Duality. In this section, we keep the notation as in the 
previous section, but now we suppose that R is a complete local CM ring, with canonical 
(Jr. We denote Co := {X £ C | Endc(A) £ T}. By 2.5 the following observation is clear. 

Lemma 2.11. Let X £ C. Then X £ Co if and only if Homc(A, Y) £ T holds for all 
Y £ C if and only if Hom c (Y~, X) £ T for all Y £ C. 

The aim of this section is to show that when R is complete local, any Do duality on 
Co determines the Do and D\ dualities on C. 

Theorem 2.12. Assume dinifjC < 1. Let S be an autoequivalence of C such that for all 
X, Y £ Co there exists a functorial isomorphism 

<\>x,y ■■ Hom c (A, Y) =* Do Hom c (Y~, SX). 

(1) For all X,Y £ C there exists a functorial isomorphism 

4> XtY : T C {X, Y) = Do (T C (Y, SX)) . 

(2) For all X,Y £ C there exists a functorial isomorphism 

^x.y ■ F C (X, Y) Si D 1 (F C (Y[1],SX)) . 

Proof. For every X,Y £ C let Ix,y be the annihilator of the i?-module Homc(X,Y) ® 
Komc(X,Y[l]) © Hom c (Y,SX) © Homc(Y[l],SX). Since R/I x ,y is a local noetherian 
ring of dimension at most one, we can fix an element t £ m (depending on X and Y) such 
that R/(Ix,y + (t)) is artinian. 

For each i > 0, consider a triangle 

y^y^y<^y[i], (2.0) 

We first claim that Yi £ Co for alH > 0. Applying Home (A, — ), we have an exact sequence 

(A, Y) ^ (A, Y) -2£> (X, Y £ ) A (A, Y[l]) ^ (A, Y[l}). (2.P) 

This gives rise to a short exact sequence 

-+ R/tf) ® R (A, Y) ^h (A, Y t ) A {/ £ (A, Y[l]) \ t> "f = 0} -> 0. 

The right and left hand terms are modules over the artinian ring R/(Ix.y + {t )) and 
hence are finite length i?-modules. It follows that the middle term has finite length, i.e. 
Home (A, Y t ) £ T. This holds for all A £ C, so by 2.11 Y e £ C , as claimed. 

Now if £ is sufficiently large, then the kernel of the map t e : (A, Y[l}) — > (A, Y"[l]) is 
Tc(X, Y[l]), and so (2.P) gives an exact sequence 

-+ R/(t') ® R (A, Y) ^h (A, Y t ) A T C {X, Y[l]) ^ 0. (2.Q) 

On the other hand, applying Homc(— , SX) to (2.0), we have an exact sequence 

(r[i], sx) A (r[i], sx) ^ (y £ , sx) ^> (Y, sx) ^ (r, sx). 
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Again for sufficiently large t, we have an exact sequence 

-»- R/(t l ) ® R (Y[1],SX) ^ (Y t ,SX) ^ T C (Y,SX) -+ 0. (2.R) 

(a) We now show that there exists a functorial isomorphism 

Hom c (X, Y) = D Q Hom c (T, SX) 

for all X, Y G C if either X or Y belongs to C . 

First we assume X £ Cq. Since X and Yg belong to Co, we have exact sequences 

> (X, Y) ^ > {X, Y t ) - '"' > {X, Y[l]) > 



Do(a t -) 



Do (fir) 



— >• D (Y, SX) J ) D {Yt, SX) -^Vfl (y[l], SX) >0 

for sufficiently large i by (2.Q) and (2.R). 
We now show that the composition 

(X,Y) ^h (X,Y e ) ^h D Q (Y e ,SX) ^^ D a (Y[l],SX) (2.S) 

is zero. For any / G (X,Y) and g G (Y[1],SX), consider the following commutative 
diagram: 

(X,X) 4 ' X ' X ) D Q {X,SX) 



■fa t 



Do(fai-) 



{X,Y t ) '-^D (Xt,X) 

Considering lx G (X, X), we have that <f>x,Y t (f a i) is equal to the image of 4>x,x0-x) 
under the map Do(fue-). But the composition (2.S) is the image of 4>x,Y e (f&£) under the 
map Do(/3t), and hence the composition (2.S) is equal to the image of 4>x,x0-x) under 
the map Do(fuifit). Since unfit = 0, this is zero and so the assertion follows. 

In particular 4>x,Y e '■ (X, Ye) —} Dq(Yi, SX) induces an injective map 

4>x,y ■= <f>x,Y e \(x,Y) ■■ (X, Y) -► D (X, SX) 

and a surjective map {X,Y[l}) -> D (Y[i\,SX). Thus \ength R (X,Y) < lengthy (Y, SX) 
and lengthy. (X, y[l]) > length R (Y [1], SX) hold. Replacing Y[l] in the second inequality 
by Y, we have length fl (X, Y) = lengthy (Y, SX). Thus (fx.Y has to be an isomorphism. 

It is routine to check is independent of £ and t, and functorial. The case Y G Co 
follows immediately from the case X <E Cq. 
(1) Let X, Y G C. Since Ye belong to Co, we have exact sequences 

► R/(t £ ) ® R (X, Y) -^-> (X, Y e ) - > T C (X, Y[l}) > 

<Px,Y t 

> D (T C (Y, SX)) Doi ^\ D (Y h Sxf^H D (R/(t*) ® fl (Y[1],SX)) -> 

for sufficiently large I by (2.Q) and (2.R). Since C\ e>0 t e (X 7 Y) = 0, we have T C (X,Y) n 
t e (X, Y)=0 for sufficiently large t. Thus the natural map T C (X, Y) ->• R/(t e ) ® R (X, Y) 
is injective for sufficiently large £, and we have exact sequences 

► T C {X, Y) ^-> (X, Y t ) 



> D (T e (Y, SX)f^> D (Y e , SX) D -^2 D (R/(t e ) ® H (Y[l], SX)) -> 

Now we show that the following composition is zero (caution: we can not use the 
argument in (a) since we do not have (fx.x)'- 

T e (X,Y) ^> (X t Y t ) ^h D (Yt,SX) ^^ D (Y[1],SX) 
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For m > 0, consider a triangle 



X 



X 



X r , 



PL 



X[l] 



and a commutative diagram 



T c (X,Y)-^(X,Y e ) 



(X m ,Y)—+(X m ,Y e ) 



-► D (Y e , SX) ° o{M > D (Y[l],SX) 



Do(Sa' n 

-^D {Y t ,SX„ 



Do(Pi-) 



Da(Sa' m ) 

+ D (Y[1 



SX m ) 



The lower composition is zero by (2.S), and for sufficiently large m the left vertical map 
is surjective. Hence the upper composition is also zero, and so the assertion follows. 

In particular <px,Yi- (X,Ye) — > Do(Ye, SX) induces an injective map Tc(X,Y) — > 
Dq(Tc(Y, SX)), so we have an induced injective map 

4>x,y := 4>x,Y e \ Te (x,Y)--T e (X,Y) -► D (T C (Y,SX)). 

Thus we have lengthy T C (X,Y) < lengthy T C (Y, SX), and by replacing X and Y by Y 
and SX respectively, we have lengthy, Tq (X, Y) — lengthy. Tc(Y, SX). Thus 4>x.y has to 
be an isomorphism. 

It is routine to check <f> is independent of £ and t, and functorial. 
(2) We have a commutative diagram of triangles: 



(2.T) 



By (2.Q), for sufficiently large £ we have a commutative diagram of exact sequences 




w _1 ) ®* (x, y) -^ {x, n-i) 



■Pl-l 



■>r c (x,y[i]) >o 



>R/(t?)® R (X,Y)- 



■*(X,Yt) 



■0i 



-+T C (X,Y[1}) >o 



Now the inverse limit of the right column t: Tc(X,Y[l]) — > Tc(X,Y[l]) is zero. Since 
taking inverse limits is left exact, we have an isomorphism 

(X,Y) = hmi?/(< £ ) ® R (X,Y) S lim(X,y,). 



(2.U) 



by taking inverse limits of each column. 

On the other hand, by (2.T) and (2.R), we have a commutative diagram of exact 
sequences: 



Pi- 



-> R/if- 1 ) ® fl {Y[l}, SX) > (Yi_ x , SX) > T e (Y, SX) 



-> R/{t l ) ® fl (Y[1],SX) -^— > (Y e , SX) — ^» T e (Y, SX) 



->0 



^0 



in which every Horn-set has finite length. Hence applying D$, we have a commutative 
diagram of exact sequences: 

—>T C (X,Y) -^^ (X,Y t -!) — > DoiR/it*- 1 ) ® K (Y[1],SX)) -► 



■7< 



o^T c (x,y) 



-> (X, Y*) ► D Q {R/{f) ® R (Y[1],SX)) — ► 
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Since the Mittag-Leffler condition is satisfied, taking the inverse limits of each column, we 
obtain an exact sequence 

-> T e (X,Y) -► lim(Y,F £ ) -> lim^ (i?/(^) ® fl (Y[1],SX)) -► 0. 
Comparing with (2.U), we have an isomorphism 



Fc(A-,y) = 



-^n-Do(i?/(0®fl.(y[l],^))- 



n 



Te(X,Y) 
Now by 2.13 below, we have an isomorphism 

j,x,Y:Fc(X,Y)SiD 1 (Y[i\ ) SX) = D 1 (Fc{Y[i\,SX)) 

It is routine to check that ip is functorial. This finishes the proof. 

Proposition 2.13. For any M G modi? such that R/ (Aim M + (t)) is artinian, we have 

lim(- • • -4 D (M/t 3 M) 4 D (M/t 2 M) 4 D (M/tM)) = D X (M). 

Proof. Since for each £ > the kernel of the map t l : M -» t ( M has finite length, we have 
an isomorphism 

t e : D x (i?M) = Dx(M). (2.V) 

for all £ > 0. Now consider the following commutative diagram of exact sequences: 







-n^M 



^M 



^M/t l ~ l M - 











-+t e M- 



-+M ■ 



> M/t e M > 

Applying Homj{(-,wjj) and using (2.V), we have a commutative diagram of exact se- 
quences 



D X (M) 



Dx(M) 



-^Dx(M) >D (M/t i ' 1 M) >D (M) 



-> Dx(M) > D (M/t £ M) ► D Q (M) 



Using the isomorphism Dq(M) = Do(i\fj M), we obtain a commutative diagram of exact 
sequences: 

-► R/(t l - x ) ® R Dx(M) -► Do(M/t i ~ 1 M) -> D (fl fl M) 



— > #/(**) ® fl Di(Af) — > D Q (M/t*- x M) -> D (fl« M) 
Since the inverse limit of the right column is zero, we have an isomorphism 

Dx(M) = limi?/(t £ ) <g> fi Dx(M) = lim D (M/t l M) 

e i 

by taking the inverse limit of each column. □ 



3. Application to Geometry: CY Reduction in D sg (i?) 

The aim of this section is to apply results in previous sections to CY triangulated 
categories appearing in geometry In §3.1 we relate CY reduction to our previous work on 
maximal modification algebras [IW1], then in §3.2 we give natural examples of CY reduc- 
tion in the setting of one-dimensional hypersurfaces. We outline some of the consequences 
in §3.3. 
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3.1. CY Reduction and MM As. Let i? be a commutative equi-codimensional Goren- 
stein ring with dimi? = d. The functor Di := Ext fl -I (— , i?) : modi? — > modi? induces the 
duality of the category of Cohen-Macaulay R- modules of dimension i. As an application 
of AR duality on not- necessarily-isolated singularities [IW1], we have the following. 

Theorem 3.1. Let R be a commutative equi-codimensional Gorenstein ring with dimi? = 
d and dim Sing i? < 1. Then CM i? is a (d—l)-CY triangulated category with dim R (GMR) < 
1. 

Proof. Let C = CM R. Then the assumption dim Sing i? < 1 implies that dim^ Home (X, Y) < 
1 for all X, Y £ C. By [ ,3.1], there exist functorial isomorphisms 

D (fl fl Hom c (X,y))Sf| fl Hom c (Y,X[d-l]) 

/ Hom c (A, Y) \ Rom c (Y,X[d-2}) 

1 \ft R Homc(X,Y)J f\ R Rome(Y,X[d-2]) 

for all X, Y £ C. Thus the assertion follows. □ 

Before stating the next theorem, we need some preliminaries. We consider the setup 
of 3.4, where in addition we assume that i? is normal. We fix M £ ref i? which is non-zero, 
and we denote by ref Endn(M) the category of End^(M)-modules which are reflexive as 
i?-modules, and by CMEnd^(M) the category of Endi?(Ai)-modules which are maximal 
Cohen-Macaulay as i?-modules. Clearly we have reiEnd R (M) C CMEnd_R(M). The 
following is a basic observation on the category of reflexive modules [RV] (see also [IR, 
2.4(2)(i)]). 

Proposition 3.2. For any M £ ref i? which is non-zero, we have an equivalence 

Kom R (M, -) : ref i? -> ref End R (M). (3.A) 

Thus the category ref Endfl(M) does not depend on the choice of M. On the other 
hand, the category CMEnd#(M) strongly depends on the choice of M. Actually the 
equivalence (3.A) clearly induces an equivalence 

Hom R (M, -) : {X e ref R \ Eom R (M, X) e CM i?} ~ CM End R (M ) (3.B) 

and we have the following observation. 

Proposition 3.3. For any generator M £ ref R, the equivalence (3.B) gives a fully faithful 
functor 

CMEnd fl (Ai) ^CMi?. 
In particular we have the following embeddings: 

CMi? C refi? C modi? 

u || n 

CMEnd fi (M) C refEndij(M) C modEnd fi (M) 

Proof. This is clear since CMEnd^(M) ~ {X £ ref i? | Eom R (M,X) £ CMi?} C CMi?. 

D 

Now we assume that M belongs to CMi? and is modifying in CM i?. The second 
condition is equivalent to End R (M) £ CMi? by the following observation [IW1, 4.3, 4.4]. 

Lemma 3.4. Let R be a commutative equi-codimensional Gorenstein ring with dimi? = 
d>2 and dim Sing i? < 1 and M £ CMi?. Then 

(1) End/{(M) £ CMi? if and only if M £ CM i? is modifying in the sense of 2.4- 

(2) If M is modifying, then 

Z M = {X £ CMi? | Uom R (M,X) £ CMi?} = {Y £ CMi? | Hom^YAi) £ CMi?}. 

Moreover in this case CMEnd^(M) has a structure of a Frobenius category since 

CMEnd^(Ai) = {X £ niodEnd fl (A/) | Ext% ndR{M) (X,End R (M)) = for all i > 1} 

holds (see the proof of [ , 3.4(5) (i)]). We denote by CMEnd fl (Af) the stable cate- 
gory, where we factor out by those morphisms which factor through projective End^(Ai)- 
modules. 
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On the other hand we denote by D sg (End fl (Af )) := D b (modEnd i? (M))/ K b (proj End R (M)) 
the singular derived category. Since En.d R (M) has injective dimension d on both sides 
(see the proof of [IR, 3.1(6)(2)]), we have a triangle equivalence 

D sg (End R (M)) ~ QMEndfl(M). 

by a standard theorem of Buchweitz [ , 4.4.1(2)]. 

The following gives an interpretation of CMEnd^(M) as a CY reduction of CM R. 

Theorem 3.5. Let R be an equi-codimensional Gorenstein normal domain with dimi? = 
d>2 and dim Sing R < \, and let M £ CMi? be a modifying generator of R. Then 

(1) the CY reduction (CM R)m of CMR is (d - 1)-CY with dim R (GMR) M < 1. 

(2) ( CM R) m — CM End/?(M) as triangulated categories. 

Proof. (1) is an immediate consequence of 2.7 and 3.1. 

(2) Follows from (CMR) M = Z M /[M] ~ CMEnd fl (M )/[End fl (M)] = CM End r (AT). D 

This gives the following corollary, which allows us to check maximality in terms of 
the corresponding CY reduction. 

Corollary 3.6. Let R be an equi-codimensional Gorenstein normal domain with dimi? = 
d > 2 and dim Sing R < 1, and M £ CMR be modifying. Then M is an MM generator 
of R if and only if the corresponding CY reduction ( CM R) m has no non-zero modifying 
objects. 

Proof. This is immediate from 2.10. □ 

We end this subsection with the following iterated version of 3.5. 

Corollary 3.7. Let R be an equi-codimensional Gorenstein normal domain with dimi? = 
d > 2 and dim Sing R < 1, and let M — R® M\ © ... © M n be a modifying R-module. Let 
M := R, Ni := 0* =o Mj and A, := End R (N t ). Then 

(1) There is a chain of fully faithful functors 

CM A„ -> CM A n _i ->• > CM Ai -)■ CM R. 

(2) The CY reduction ( CM. At) ■K r >m r jN i N i , t ) of CM A., is triangle equivalent to CM A., + i . 

Proof. (1) Clearly 

Z Nn c Z Nn _ ± c • • • c Z Nl c CMR. 
Applying the equivalence Hom^(M, — ) : Z^ i ~ CM Aj from (3.B) shows the assertion. 
(2) The embedding CMA^ ~ Zn ( C -2j\r i+1 — CMA i+ i in (1) induces an equivalence 

^om^iv^+0 : = i X e CMA ^ I Hom A ,(Hom B (JV t ,iV !+1 ) I X) £ CMR} ~ Z m+1 ~ CMA t+1 

which sends Hoia R (Ni, Ni+i) to Ai+i. Thus we have 

(CMA 1 ) H om RW , N , +1 ) = ^^^^^^[Honi^iV,,^!)] ~ CMA i+1 /[A i+1 ] =CMA i+1 . 

D 

3.2. CY Reduction for One-Dimensional Hypersurfaces. Let S = k[[x, y]] be a 
formal power series ring of two variables over an arbitrary field k. For f,g 6 S, let 

R := 5/(/fl) 

be a one-dimensional hypersurface. Then M £ mod R is a CM i?-module if and only if 
f\ R M — 0. Our main result in this subsection is the following. 

Theorem 3.8. With notation as above, 

(1) CM R is a 2-CY triangulated category with dimn( CM _R) < 1. 

(2) S/(f) is a modifying object in CM R, and the CY reduction ( CM i?).«?/m of CM R is 
triangle equivalent to CM(S/(f)) x CM(g/(q)). 

We give the proof in the remainder of this subsection. First we note that the natural 
surjections R -> S/(f) and R -+ S/(g) induce fully faithful functors CM(S/(f)) -^CMR 
and CM(S/(s)) -+CMR. 

Lemma 3.9. X £ CMR satisfies f\ R Ext R (S/(f),X) = if and only ifX/fX £ CMR. 
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Proof. Applying Hoitir(— , A) to the exact sequence 

-> S/(g) 4 R -+ S/(/) -► 
gives an exact sequence 

-»• Rom R (S/(f),X) 4l4 Hom H (S/(<?),X) -> Ext^ (£/(/), A) -> 0. 

In particular fI H Ext^(S'/(/),X) = if and only if Hom *(g/(g),*) g CMfl. On the other 
hand, exchanging / and g in the above exact sequence, we have Hom t s /,„■■. x \ G CMi? 
since Rom R (S/(f), X) 6 CMi? and CMR is closed under submodules. Since we have an 
exact sequence 

Hom fl (S/( g ),Jr) X_ X 

IX fX Eom R (S/(g),X) 

and CM R is closed under submodules and extensions, we have that ggLsLxiEb — i g CM i? 
if and only if X/fX G CM R. Thus the assertion follows. □ 

We also need the following easy observation, which is valid for any dimension. 

Lemma 3.10. Let A and B be n x n matrices over S such that AB = fgl n = BA and 
X := Cok(5" — > S n ). Then the following conditions are equivalent. 

(i) x e CM(W)). 

(2) There exists an n x n matrix B' over S such that AB' = fl n = B'A. 

(3) All entries in B belongs to (g). 

If these conditions are satisfied, then f\nExt R (S/(f),X) = = f\ R Ext R (S/(g), £l R (X)). 

Proof. (1)=>(2) is clear since A gives a matrix factorization of /. 
(2)=>(3) Since A is invertible as a matrix over k((x,y)), we have B = gB' . 
(3)=>(1) is clear since we have matrix factorization A(g~ 1 B) = fl n = (g~ 1 B)A. 

Since f\ R {X/fX) = f\ R X = by (1), we have f\ R Ext R (S/(f),X) = by 3.9. Since 
n R (X) = S n /B(S n ), we have fi fl (X)/ 5 O fl (X) = S n /(B(S n ) + gS n ) = ^/.gS" 1 by (3). 
Thus flfi^^)/^/?^)) = and we have n R Ext R (S/(g),fl R (X)) = by 3.9. □ 

Let Z s/(f) := {X e CMi? | i\ R Ext R {S/(f),X) = 0}. Then the CY reduction 
(CMi2)g/(/) is given by Zs/y)/[R® S/{f)\. The following is a crucial step. 

Lemma 3.11. We have Z s/(f) = ndd{R,Y,Q R (Z) \ Y e CM(S/(f)), Z e CM(S/(g))}. 

Proof. The inclusion "D" follows from 3.10. We shall show "C". Assume that X <E CMi? 
satisfies f\ R Eixt R (S/(f), X) — 0. Take a minimal free resolution 

045"As"4l40 
of the iS-modulc A, where A is an n x n matrix over S. Then we have a free resolution 

S 2n {A //n) > S n -> A//A -> (3.C) 

of the S'-module A//A, where /„ is the identity matrix of size n. On the other hand 
X/fX belongs to CMi? by our assumption and 3.9. Since fX is contained in the radical 
of A, the minimal numbers of generators of A and A//A are the same. Thus we have a 
minimal free resolution 

-> S n A S" -> A//A ->■ (3.D) 

of the S'-module A//A, where i? is an n x n matrix over 5*. Let i?C = fl n = CB be the 
corresponding matrix factorization. We write more explicitly 

R _f flm O \ ( I m O 

B -{ O B' J ' C ~{ O C 

for some m with < m < n where all entries of C belong to (x, y) and B'C = fl n -m = 
CB' . Since (3.D) is minimal, we can obtain (3.C) by adding a trivial summand and thus 
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obtain a commutative diagram 

s 2n > s n — > X/fX — ► o 

Hi s) s 

(B O) 

5 2 ™ — —> S n > Xj fX — ► 

where the vertical maps are isomorphisms and E, (1 < i < 4) is an n x n matrix over 
S. Hence by replacing B and G by BF~ X and FG respectively, we can assume F = I n . 
Then we have BE\ — A and BF2 = fl n ■ Since -BG = fl n and -B is invertible as a matrix 
over k((x,y)), we have 

2™ O 



E 2 =C=\ () c , 

f c c \ 

Now we write E\ as E\ = I _ „ I , where Gi is an to x to matrix. Then the map 

\ (-T3 (*& J 

(G 3 G 4 O C) : S 2n -»• 5"" m 

given by the n — to rows of the invertible matrix E is a split epimorphism. Since all 
entries of the right part (O C) are in the unique maximal ideal (x,y) of S, the left part 
(G3 G4) : S 1 " — > S n ~ m must be a split epimorphism. Hence there exists an n x n invertible 
matrix U such that (G3 G^)U — (O I n _ m ). Then 

where all entries of G[ and G' 2 are in (/). Since C'B' = fl n - m , the n x n invertible 
matrix V := ( ™ T 2 ) over 5 satisfies 



g; o 



Since both £/ and V are invertible, we have that X = Cok(5'™ — > S n ) is a direct sum of 

Cok(5 m -^ 5 m ) and Cok(S n - ,n -^ S"- m ). Since all entries of G[ are in (/), the former 
belongs to fl R (GM(S/{g))) by 3.10(3)=^(1). Since B'C = fl n - m , the latter belongs to 
CM(S/(/)) by 3.10(2)^(1). D 

Lemma 3.12. (1) Hom ( c Mi?)/[s/(/)] (r, Y') = HomcM (s/(/)) (r, F') /or aZ/F, Y' G CM(S/(/)). 
(2) Hom ( cM fl)/[5/(g)] (Z,Z') = HomcM (s/(9)) (Z,Z') /or aZZ Z, Z> e CM(S/(g)). 

Proof. (1) Let Y,Y' G CM(S/(/)). Since CM(S/(/)) -> CMi? is fully faithful, it suffices 
to show that if a map F — > y' factors through addi?, it also factors through add(5/(/)). 
Consider an exact sequence 

-> (/) \ R A S/(/) -+ 

We only have to show that any map R —t-Y' factors through a (i.e. a is a left CM(5/(/))- 
approximation). Applying Hoiiir(— , V), we have an exact sequence 

-► Rom R (S/(f), Y') ^ Hom fl (i?, Y') ^ Hom«((/), 5") 

where we have (6-) = since Y' £ CM(5/(/)). Hence (a-) is an isomorphism and we are 

done. 

(2) follows from (1) by swapping / and g. □ 

Now we are ready to prove 3.8. 

Proof. (1) By 3.1, we have that CM R is a 0-CY triangulated category with dim r ( CM R) < 
1. Since R is a hypersurface, [2] is isomorphic to the identity functor [E, Y]. Thus the 
assertion follows. 
(2) Step 1: ForY G CM(S/(/)) and Z G CM(5/(ff)), weshowHom ( c MH)/[s/(/)] (y ) nfl(Z)) - 
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= Uom { cMR)/[s/(f)](^R(Z),Y). In particular, (CMR) S /U) = Z s/(f) /[R © S/(f)] de- 
composes a product of a full subcategory consisting of objects in CM(S'/(/)) and that 
consisting of objects in ttn(CM(S/(g)) by 3.11. 

Let -> S n A S n -> Y -> and -> S m A S m -> Z ->■ be free resolutions, 
and AB = fl n == BA and A'B' = gl m — B'A' be matrix factorizations. For any 
a G Homfl(Y, J7fl(Z)), there exist matrices C and D over S which makes the following 
diagram commutative: 











gn 



. S r, 



fB' 



-+s n 



>S* r ' 



->y- 



->o 



■fi fl (Z)-K) 



Multiplying B to the equality AC 
have a commutative diagram 



fDB' from the left, we have C = RD5'. Thus we 











S r< 



S r, 



5" 



-^s n 



fin 



>5 r ' 



/B' 



DB' 



>5 ri 



— >y — 

1 

(S/(/))" 

I 

->fi«(Z) 



->0 



^0 



which shows that a factors through add(5/(/)). 

For any b € Hom# ; (Or(.Z), Y), there exist matrices C and D over S which makes the 
following diagram commutative: 











fB' 



>£" 



D 



5" 



m 


-> n fl (z) -> o 


C 


1* 


n 


— >y — >o 



Multiplying B to the equality fB'C 
have a commutative diagram 



— >S 
DA from the right, we have B'CB = D. Thus we 











B'C 

B 



fB' 



Jin 



>5 ri 



>s* r - 



-^S n 



^tt R (Z) 

I 

(S/(/))" 

1 

— >y — 



^o 



-s-0 



which shows that b factors through add(5/(/)). 

Step 2: Clearly Hom(cM fl)s/(/) (Y, Y') = HomcM (s/(/)) (Y, Y') holds for all Y, Y> E CM(S/(f)) 
by 3.12(1). It remains to show Hom (CM r) s/(/) (^r(Z), £Ir(Z')) = Uom CM(s/(<l)) (Z,Z') 
for all Z,Z' e CM(5/(5)). Since fi fl gives an equivalence [-1] : CMi? -> (Mi? and 
MOT)) = 5/( 3 ), we have 

Hom( CM ji)/[s/(f)i(Ofl(^),n B (Z')) = Hom (CM r)/[s/( 3 )] (Z, %')■ 

This equals HomcM(g/( 9 ))(^, Z') by 3.12(2). Thus the assertion follows. □ 

3.3. General Remarks and Conjectures. The concept of CY reduction has been in- 
vented as an algebraic tool for proving statements regarding modifying and maximal 
modifying modules on the base singularity Spec R. There is now a conjectural geometric 
picture underlying this theory, and the following is a slightly weaker version of [IW2, Conj 
1.8]. 

Conjecture 3.13. Let R be a 3-dimensional Gorenstein normal normal domain over C 
with rational singularities, so CM R is a 2-CY triangulated category with dim b ( CM R) < 
1. Then there exists a CY reduction (CM R) M of CMi? with dim fl (CMi?) M = 0, and 
further ( CM R) m has no non-zero rigid objects. 
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This is somewhat remarkable, since in this level of generality CM R is a not Krull- 
Schmidt, and has many modifying objects. Yet it still will admit an extremely well- 
behaved CY reduction. The best case scenario is when ( CM R) m — 0, which is equivalent 
to there existing an NCCR of R. 

We remark that the conjecture is true in quite a broad setting: 

Theorem 3.14. Let R be a 3- dimensional Gorenstein normal normal domain over C 
with rational singularities. If some ^-factorial terminalization Y of Spec R is derived 
equivalent to some ring A, then there exists an MM generator M £ CM R of R such that 
( CM R) m is triangle equivalent to D sg (Y). In particular, Conjecture 3.13 is true. 

Proof. Let / : Y — > Spec R denote the Q-factorial terminalization which is derived equiv- 
alent to A. By [IW2, 4.13] A = End R (N) for some reflexive i?-module N which is an MM 
i?-module. By [IW1, 4.18(2)] there exists an MM generator M € CMi? of R. Since all 
MMAs are derived equivalent in dimension three [IW1, 4.16], we have 

D b (modEnd fl (M)) ~ D b (modEnd fl (A r )) ~ D b (cohY~) 

which after factoring by perfect complexes gives 



(CMR) M ~ CM End g (A/) s D sg (End fl (A/)) ~ D sg (Y) ^QCMO, 



where {xi | 1 < i < n) are the (necessarily isolated) singular points of Y [IW2, 3.7]. Thus 
dimpfCMfiW < dim fl (0^ 1 CMOx,x < ) = holds. By [IW2, 3.11], each CMOy,, has 
no non-zero rigid objects, hence the same is true for ( CM R)m- □ 

Corollary 3.15. Let R be a 3 -dimensional Gorenstein normal domain over C with ra- 
tional singularities. If the (^-factorial terminalizations of Spec R have one- dimensional 
fibres, then Conjecture 3.13 is true. 

Proof. By [ 15] the Q-factorial terminalizations carry a tilting bundle, so the result 
follows from 3.14. □ 

4. Mutation 

4.1. Result on Transitivity. In this section we recall the notion of mutation of modify- 
ing modules and their basic properties given in [IW1, Section 6.2], then give a method to 
prove when a given set of MM generators are all. In §5 we will apply this result together 
with the techniques of CY reduction developed in the previous sections to classify all MM 
generators over certain explicit singularities. 

Throughout the section we assume that R is a complete local normal Gorenstein 
domain with dimi? = 3. Mutation is an operation for modifying i?-modules which gives 
a new modifying i?-modulc for a given basic modifying i?-module by replacing a direct 
summand of M. We recall how this is defined [AV , §6]. 

We let M := (J) ie/ M{ be a modifying _R-module, where we can (and will) assume that 
M is basic, i.e. all summands are pairwise non-isomorphic. We denote Honifj(— , R) := 
(— )* : ref R — > ref R to be the duality functor. For a subset J of /, set Mj := ©, e j Mj 
and J c := I\J. Thus we have Mj © Mjo = M. Now we take a minimal right (add Mjc)- 
approximation 

N UMj 

of Mj , which means that 

• N e add Mja and (•/): HomR (Mje,N) -> HorriR (Mje,Mj) is surjective, 

• if g G Endij(A r ) satisfies f = gf, then g is an automorphism. 

Since R is complete, such an / exists and is unique up to isomorphism. A right mutation 
of M is defined as 

f4(M) :=Mje ©Ker/. 
Dually we define a left mutation of M as 

M J(M) := Gu+(M*))*. 
Below we collect basic properties. 
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Proposition 4.1. [IV\ , 6.10, 6.25] (1) fij~(M) and /xJ(M) are modifying R-modules and 
satisfy fij^j(M)) =M = »j(ji+(M)). ' 

(2) If M is an MM (respectively, CT) R-module, then so are [ij(M) and /j,j(M). 

(3) If M is an MM (respectively, CT) R-module, and J = {i}, then we have fj,j(M) = 
Hj(M), which we denote by Hi{M). 

It is immediate from (1) and (3) above that if M is an MM i?-modulc, then /ii(/ij(M)) = 
M holds. The following is the main result of [ , §6]. 

Theorem 4.2. [IW1, 6.8] Let R be a complete local d-dimensional Gorenstein normal 
normal domain, let M := © ie j Mj be a basic modifying R-module and choose any ^ 
J C I. Then End R (M) and Endfl(/i 7 (M)) are derived equivalent. 

For the case /u,j(M), the derived equivalence is given by a tilting End#(M)-module 
Vj constructed as follows. Let g: Mj — » N' be a minimal left (addMjc)-approximation of 
Mj. For the induced map (-g); Hom fi (M,Mj) ->• Uom R (M,N'), our tilting Endij(M)- 
module is given by 

Vj := Rom R (M, Mj.) 8 Cok(-. 9 ). 

This gives rise to an equivalence 

RHom(V>,-): D b (modEnd fi (M)) -> D b (modEnd jR (^7(M))) 

but note that this functor is never the identity. On the other hand Hj(M) = M can 
happen (see §5). 

4.2. MM Mutation and Tilting Mutation. In the rest of this section, we specialize 
the previous setting to the case when modifying modules are MM generators. Moreover 
we mutate them at non-free indecomposable summands. We denote by MMG R the set of 
isomorphism classes of basic MM generators of R. Thus for a given basic MM generator 
M = R(B (0 ie/ Mj), we have a new MM generator //j(M) by replacing an indecomposable 
non-free direct summand Mj of M. We denote by EG(MMGi?) the exchange graph, thus 
the set of vertices is MMGi?, and we draw an edge between M and Hi(M) for each 
M e MMG R and i G I. 

One of the difficulties in mutation for MM generators is that /Uj(M) can be isomorphic 
to M, which never happens in mutation in 2-CY triangulated categories C with dimC = 0. 
It is shown in [IW1, 1.25(1)(2)] that /ij(M) is isomorphic to M if and only if the algebra 
Endij(M)/(l — ei) is not artinian. In this case we have a loop at M in EG(MMGi?). 

The aim of this section is to prove the following result, which is an analogue of 
[AIR, 4.9] for 2-CY triangulated categories. However, due to the existence of loops in 
EG(MMGi?), we need a more careful argument. 

Theorem 4.3. If EG(MMGi?) has a finite connected component C, then EG(MMGi?) = 
C. 

To prove 4.3 requires some preparation. Fix an MM generator Mq 6 CMi? and 
A := End R (M ). Then the functor 

F := Hom R (M , -) : modi? -» mod A 

is fully faithful and (since R is normal) induces an equivalence F: rcf R — > ref A, where 
we denote by ref A the full subcategory of mod A consisting of modules that are reflexive 
as i?-modules. Recall we say that T e mod A is a tilting A-module if 

• proj.dim A T < 1, 
. Exti(T,T) = 0, 

• there exists an exact sequence 0^A^T°^T 1 ^0 with T°, T 1 e addT. 

We denote Fac T to be the full subcategory of mod A consisting of factor modules of finite 
direct sum of copies of T. One important property of tilting modules is 

FacT = {Ie mod A | Ext\{T,X) = 0}. (4. A) 

In particular for any X £ Fac T there is an exact sequence 

O^Y^T'^X^O (4.B) 
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with Y G FacT and T' G addT. From this we immediately get 

addT = {X E FacT | Ext A ( AT, Fac T) = 0}. (4.C) 

It is shown in [" ,1.19] that F gives an injective map 

F: MMG fl -> tilt A, 

where we denote by tilt A the set of isomorphism classes of basic tilting A-modules. 

The main ingredient of the proof of 4.3 is tilting mutation theory initiated by Riedtmann- 
Schofield and Happel-Unger [RS, HU]. We refer to [AI] for a general treatment of tilting 
mutation. Recall that tilt A has a natural structure of partially ordered set: We write 
T > U if Ext A (T, U) = 0, or equivalently by (4. A) FacT C Fact/. It is immediate from 
(4.C) that T>U >T implies that TSiU. 

On the other hand, for a basic tilting A-module T and an indecomposable direct 
summand T of T, there exists at most one basic tilting A-module [m(T) = (T/Tj) © T* 
such that Ti ^ T* (cf. [ ]). We call nt(T) a tilting mutation of T. In this case, we have 
either an exact sequence 

->• Ti -4 T' -+ T? -+ 

with a minimal left (add T/T )-approximation /, or an exact sequence 

-)• T/ -> T' A- Ti -+ 

with a minimal right (addT/T)-approximation g. We have T > fii(T) in the former case, 
and T < /Xj(T) in the latter case. Conversely T* obtained from one of the above sequences 
gives HiiT) if T* has projective dimension at most one (see e.g. [IR, 5.2]). 

We denote by EG (tilt A) the exchange graph of tilting A-modules, i.e. the set of 
vertices is tilt A and we draw an edge between T and m (T) for all T G tilt A and i such 
that Hi(T) exists. 

We prepare the following results. 

Proposition 4.4. Assume that T,U G tilt A satisfies T > U. 

(1) There exists an exact sequence — > T" — > T' — > U — > with T',T" G addT and 
addT' n addT" = 0. 

(2) There exists an exact sequence — >• T — > U' — > U" — > with U',U" G addC/ and 
addC/'naddC/" = 0. 

(3) There exists a tilting mutation T' of T such that T > T' > U . 

(4) There exists a tilting mutation U' of U such that T > U' > U . 

Proof. Although these results follows easily from [AI], we give a direct proof for the con- 
venience of the reader. 

(1) Applying (4.B) to X := U, we have an exact sequence 0— !>F^T'^[/— s-0 
with T' G addT and Y G FacT. Applying Ext A (— , FacT), we have an exact sequence 
= Ext\(T',FacT) -» Ext A (F,FacT) -> Ext 2 A (U,F&cT) = since proj.dim A C7 < 1. 
Thus Ext A (Y", FacT) = holds and we have Y G addT by (4.C). Replacing the map 
T' — > U by a minimal right (addT)-approximation gives the last statement (see e.g. [AI, 
2.25]). 

(2) We regard Ext A ([7, T) as an End A (C/)-module. Take a surjective map / : Hom A (C/, U") — > 
Ext A ([/, T) of End A (C/)-modules with U" G addC/, then this gives an exact sequence 

-> T -> X -> [/" -»• 0. (4.D) 

Applying Hom A (£7, — ) to (4.D), we have an exact sequence 

Hom A ([/,[/") 4 Ext^(C/,T) -> Ext A (*7,X) -> Ext A (C/,[/") = 

which shows Ext A (t/,X) = and hence X G Fact/ by (4. A). Applying Ext A (-,Facf) 
to (4.D), we have Ext A (X, Fact/) = 0. Thus X G addC/ by (4.C). By a similar argument 
as in (1), the last statement also follows. 

(3) Take an exact sequence -> T" -> T' A [/ -> from (1). Since T > [/, we have 
T" 7^ 0. Take an indecomposable direct summand T of T", and let t : T -> T" be 
the inclusion. Let / : Tj — > V be a minimal left (addT/T)-approximation of T. Since 
T' and T" have no non-zero common direct summands, T' G add T/T holds, and ib 
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factors through /. Hence / has to be injective, and so it only remains to prove Cok/ has 
projective dimension at most one. Since we have a commutative diagram 

> T t —L-> V > Cok/ -> 



> T" > V > U > 

of exact sequences, we have an exact sequence 

-> V © (T"/Ti) -> Cok/ © T' -> C7 -► 0, 

which immediately implies proj.dim A Cok/ < 1. 

The proof of (4) is simpler. □ 

The following comparison between MM mutation and tilting mutation is important. 

Lemma 4.5. Let M = R® (0 ie/ M t ) G MMGi?. 

(1) Iffii{M) ^ M, then F(jh(M)) = Hi(F(M)). 

(2) Ifm{F(M)) exists and belongs to ref A, then fa(M) ^ M and F{^{M)) = (a(F(M)). 

Proof. (1) Since M and Hi{M) differ at only the i-th indecomposable summand, so do 
F(M) and F(ni{M)). Thus m{F{M)) = F(m(M)) holds by definition of tilting mutation. 
(2) Assume that Hi(F(M)) := F(M/Mi) © X belongs to ref A. Then we have either an 
exact sequence 

-> ^(A/0 A F(M') 4l^0 (4.E) 

with a minimal left add_F(M/Mi)-approximation /, or an exact sequence 

-> X -4 F(Af') A F(Af 4 ) -^ (4.F) 

with a minimal right addi^Af/Af^-approximation g. 

We consider the case when the sequence (4.E) exists. Since F : ref R — > ref A is an 
equivalence and A" is reflexive by our assumption, there exists Y G ref R and a complex 

O^M.A M' ^y^O (4.G) 

of i?-modules for which F(4.E)=(4.G). Since the image of (4.E) by the functor F = 
Hom_R(Mo, — ) is the exact sequence (4.G) and M is a generator, the sequence (4.E) 
must also be exact. Since F: ref R — >• ref A is an equivalence, a has to be a minimal left 
(addM/A/i)-approximationof M t . Thus (m(M) = (M/M t )®Y and we have FQh(M)) = 
Hi{F{M)). Since the tilting mutation /x»(F(Af)) is never isomorphic to F(M) by the 
partial order, we have fii(M) £= M. 

The same argument works when the sequence (4.F) exists. □ 

Now we denote by S the subset of tilt A consisting of tilting A- modules which belongs 
to ref A and have F(R) as a direct summand. By [IW1, 1.19] the following observation is 
clear. 

Proposition 4.6. F gives an injective map F: MMGi? — > S. 

We need the following property of S with respect to the partial order on tilt A. 

Lemma 4.7. If T e tilt A and U 6 S satisfies T >U, then T £ S. 

Proof. Since T > U, by 4.4(1) and (2), there exists exact sequences 

->• T -> U° -> U 1 -)■ and -> T x -> T a -> U -)■ 

with C/ 1 G addC/ and Tj G addT for i = 0, 1. Since U z is a reflexive i?-module, so is T 
by the first sequence. Since F(R) G addC/ and F(i?) is a projective A-module, we have 
F(R) G addT from the second sequence. Thus we have T G S. □ 

We denote by EG(5) the full subgraph of EG(tilt A) with the set S of vertices. The 
following is a main step in the proof. 

Proposition 4.8. Let C be a connected component of EG(MMGi?). Then F(C) is a 
connected component ofEG(S). 
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Proof. By 4.5(1), F(C) is contained in some connected component of £0(5*). Thus we 
only have to show that if two vertices T and U (T ^ U) in EG (S) are connected by an 
edge and T G F(C), then U G F(C). Now T has a direct summand F(R), so we can 
write T = F(M) with M = R (0 ie/ Mj) G C. Since [/ has a direct summand F(R), 
we have U = /x,(T) for some i £ 7. But 17 belongs to ref A, so U = F(fii(M)) by 4.5(2). 
Since Hi{M) G C, we have U G F(C), and so the assertion follows. □ 

The following simple criterion for connectedness of EG(5) generalizes [HU, 2.2]. 

Proposition 4.9. Suppose that S is a subset of tilt A that satisfies the property: if T G 
tilt A and U € S satisfies T > U, then T G 5. 77ien whenever EG(S') /ias a finite connected 
component C ' , necessarily EG(5) = C. 

Proof. We can assume that C is non-empty. Fix T G C. Since A > T, we have A G S. 
Applying 4.4(3) repeatedly, we have a sequence 

T = T <T 1 <T 2 < ... 

such that Tj_|_i is a tilting mutation of Tj for all i. This sequence has to be finite since 
each Ti belongs to S by 4.7 and hence belongs to the finite connected component C. Thus 
T( = A holds for some £, and in particular A belongs to C. 

Now fix any U G S. Applying 4.4(4) repeatedly, we have a sequence 

A = V >V 1 >V 2 > ... 

such that Vi+i is a tilting mutation of Vi and Vi > U for all i. This sequence has to 
be finite since each Vi belongs to S by 4.7 and hence belongs to the finite connected 
component C. Thus V m — U holds for some m, and in particular U belongs to C. Hence 
we have EG (5) = C. □ 

Now we are ready to prove 4.3. 

Proof. We know that F(C) is a finite connected component of EG(5) by 4.8. Applying 
4.7 and 4.9 gives F(C) = EG(5). Since F: MMGi? -> 5 is injective by 4.6, it follows 
that C= EG(MMGi?). D 

5. Complete Local cA n Singularities 

In this subsection we fix notation for complete local cA n singularities, as they will be 
used throughout. We work over an arbitrary field k, let S — k[[x, y]] be a formal power 
series ring and fix / G (x, y). Let 

R:=S[[u,v]}/(f(x,y)-uv) 

and / = /i . . . f n be a factorization into prime elements of S. For any subset I C {1, . . . , n} 
set I c = {1, . . . , n}\I and denote 

fi:=Y[fi and Tj :=(«,//) 
iei 

where Tj is an ideal of R of generated by u and //. Since we have the equality 

(«,//) = {v,h*)ufT c \ (5. A) 

we have Tf = (u, //<=). For a collection of subsets iC/iC7 2 C...C J m C{l,2,..., n}, 
we say that T — (7i, . . . , 7 m ) is a /?a<7 m £/ie sei {1,2,..., n}. We say that the flag T is 
maximal if n = m+ 1. Given a flag J 7 = (7i, . . . , I m ), we define 

So as to match our notation with [BIKR] and [DH], we can (and do) identify maximal 
flags with elements of the symmetric group & n . Hence we regard each u) G & n as the 
maximal flag 

Ml)} G Ml), u/(2)} G . . . G Ml), . • • ,«(n - 1)}. 
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We denote 

(n-l 
T Mi),...Mj)} 

5.1. MM Generators and CT Modules. The aim of this subsection is to use CY 
reduction to help to prove the following result. 

Theorem 5.1. With the setup as above, 

(1) The basic modifying generators of R are precisely T^ , where J- is a flag in {1,2, ... ,n}. 

(2) The basic MM generators of R are precisely T u , where u> £ ©„. 

(3) R has a CT module if and only if fi ^ m 2 for all 1 < i < n. In this case, the basic 
CT R-modules are precisely T^ , where u> £ ©„. 

The following is an immediate application. 

Corollary 5.2. Grouping together terms in the decomposition of f , write f — /-J 11 . . . /"' 
for some distinct prime elements fi, and some ai £ N. Then R has precisely ,'" — ^- 
basic MM generators. 

Proof. All basic MM generators have the form T^ for some ui £ & ai +...+ at by 5.1. Ac- 
counting for the repetitions, there are precisely ^ ai ,'" , of these. □ 

The strategy of proof of 5.1 is to use Knorrer periodicity, the CY reduction prepared 
in §2, together with the MM mutation from §4. Let us start with the following observation. 

Lemma 5.3. (u, fj) £ CMR for any subset I of {1, 2, . . . , n}. 

Proof. This is clear since (u, fi) arises from the matrix factorization 

l-h" u ) ( fl u ) 

R 2 ^ " ~ flJ > R 2 U/J ° ; ) R 2 -» (u, fj) -> 0. 

n 

We also need the following simple calculations. 

Lemma 5.4. For any decomposition f — abc with a,b,c £ S , we have isomorphisms 

(1) (u,b) = Rom R {{u,a),(u,ab)), r i-> (-r). 

(2) (u,ac)w _1 = Honifl((u, ab), (u, a)), r i-> (-r), where (u,ac)u~ l is a fractional ideal of 
R generated by 1 and acu^ 1 . 

Proof. Let / and /' be non-zero ideals of R. Since R is a domain, we have an isomorphism 
{q E Q | Iq C /'} = Rom R (I, I'), q H> (-q) for the quotient field Q of R. 

(1) Clearly we have (u,b) C {q G Q (u,a)q C (u, ab)}. Conversely, any element q 
belonging to the right hand side is certainly contained in {q £ Q | (u, a)q C (u, a)} which 
equals R since R is normal. Thus it remains to show that if r £ R satisfies (u, a)r C (u, ab), 
then r £ (u, b). 

View such an r £ R as an element of 5*[[u,?;]], then since ar £ (u,ab) we can write 
ar = up + abq in R for some p,q £ S[[u, v]]. Since / — uv is contained in the S[[u, u]] -ideal 
(it, ab), we still have ar = up+abq in S[[u, v}] for some p, q £ S[[u,v)}. Then a(r — bq) = up, 
so since a and u have no common factors, we have r — bq £ (u). Thus r £ (u, b). 

(2) By (5. A), we have 

Homfl((«, ab), (u, a)) — Homj{((D, c)uc~ l , (v, bc)u{bc)~ l ) = Homjj((u, c), (v, 6c))6 _1 , 

which equals (v, b)b~ l = (u,ac)u by (1). □ 

Immediately we have the following consequence. 

Proposition 5.5. T is a modifying R-module for any flag T in the set {1, 2, . . . , n} . 

Next we show that T^ is an MM i?-module if T is maximal (5.9). For this, we need 
Knorrer periodicity. Let 

R b ■= S/(f), 

then there is a triangle equivalence 

K : CM fi^CMfl 
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called Knoerrer periodicity (valid for any field k by [ ,3.1]) which is defined as follows 
[Y]: For any X £ CMi? , we have a free resolution 

where A and B are n x n matrices over S satisfying AB = fl n = BA. Then K(X) is 
defined by the following exact sequence: 

£©2„ V-u a; ? H e2n 1^^4 £©2„ ^ ^ (x) ^ 



For any subset / C {1, 2, . . . , n}, and any flag J- = (I\, . . . , I m ) in the set {1, 2, . . . , n}, we 
define 

5/ := £/(/,) £ i? b /(/ 7 ) and S? := i? b © ( ft, 

Again we identify maximal flags with elements of the symmetric group, and so for w £ 6, 
we set S u := ©'>=i £{>;(i),...,w(j)}- The following is immediate: 

Lemma 5.6. (1) K(S jr ) = T^ for any flag T in the set {1, . . . , n}. 
(2) #•(£"") S T w /or any w £ © n . 

The following is the key step. 

Proposition 5.7. Given a flag J- = (Ji, . . . , / m ), we Ziaue a triangle equivalence 

>~ \(fi*\i*-i -uv) 

where by convention 1$ := and I m +i '■= {1, 2, . . . , n}. 

Proof. Since the equivalence _ftT : CMi? 1 ' ~ CM i? sends T^ to 5"^ by 5.6, we only have 
to calculate the CY reduction of CM R b with respect to S^. Applying 3.8 repeatedly, it 
is triangle equivalent to ®,™ x CM (S/(fii\ii-i)). Applying Knoerrer periodicity to each 
factor again, we have the result. □ 

To show that T^ is an MM i?-module for any maximal flag T, we need the following 
observation for the case / is irreducible, which is based on a result of Huneke-Wiegand 
[HW], see also [DH, 4.3] (which has field restrictions). 

Lemma 5.8. If f is irreducible (i.e. n = I), then every modifying R-module is free. 

Proof. Since the domain R° is isolated, CM R b is Horn- finite, so M £ CMi? b is modifying 
if and only if Ext^, (M, M) = 0. Thus 

Ext^ b (Tr M,M*) = Hom fl t,(M*[2], M*[l]) = Uom R ,(M[l].M[2}) = Ext Rb (M,M) = 0, 

so the exact sequence [AB] 

-> Ext^ (Tr M, M*) -> M ® Ri , M* -A Hom Kt (M*,M*) -*• Ext^ b (Tr M, M*) -> 

shows that M ® Rb M* £ CMi? b . Since R b is a domain, M £ CMi? b has constant rank, 
hence since i? b is a hypersurface, [HW, 3.7] implies that M is free. □ 

Corollary 5.9. (1) T w is an MM generator of R for all w £ S n . 
(2) T u is a CT R-module if and only if fi £ {x,y) 2 for all i. 

Proof. (1) By 5.7 and 5.8, every modifying object in ( CM R)tu is zero. Thus the assertion 
follows from 2.10. 

(2) By 2.10, T u is a CT .R-module if and only if (CMfl) Tu = 0. By 5.7, this is equivalent 
to that fi £ (x, y) 2 for all i. □ 

We now calculate the mutations /^(T") introduced in §4. 

Lemma 5.10. For any decomposition f = abed with a,b,c,d £ S, we have an exact 
sequence 

-A (u, ab) ^-% (u, b) © (u, abc) -^-4 (u, be) -A 0. 
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Proof. Clearly the sequence is a complex, and the right map is surjective and the left map 
is injective. We only have to show that the kernel of the right map is contained in the 
image of the left map, or equivalently (uc, be) (~l (u, abc) C (uc, abc) . Any element in the left 
hand side can be written as ucp+bcq = ur+abes for some p, q, r, s. It is enough to show q G 
(u, a). Since R = S[[u, v]]/(f — uv), we have an equality ucp+bcq = ur+abcs + (abcd—uv)t 
in S[[u, v]] for some p, q, r,s,t G S[[u, v}}. Thus we have bc(q — as — adt) = u(r — vt — cp). 
Since S[[u, v\] is factorial and be and u have no common factors, we have q — as — adt G (u). 
Thus q G (u,a) as we required. □ 

Lemma 5.11. With the assumptions in 5.10, assume that g G S is either a factor of b 
or has abc as a factor. Then 

(1 c)- 

(1) The map Hom^((«, &) © (u,abc), (u,g)) > Houin((u,ab), (u,g)) is surjective. 

(2) The map Hom.n((u,g), (u,b) © (u,abc)) > Hoiiir((«, </), (u,bc)) is surjective. 

Proof. (1) Assume that g has abc as a factor. Using the isomorphisms in 5.4, the map 
is given by (J : (u,b~ 1 g) © (it, {abc)~ 1 g) — > (u, (ab)~ 1 g), which is clearly surjective. All 
other cases can be checked similarly. □ 

Recall that T u is given by i?ffi (u, f u ^y) © (u, fu(i)fu{2)) ©■•■©(«, f u (i) ■ ■ ■ /«(n-i))- 
Let Si := (i i + 1) be a permutation in & n . 

Lemma 5.12. The MM mutation m(T u ) ofT" with respect to the summand (u, full) ■ ■ ■ fuli) 

isT" 8 '. 

Proof. We only have to consider the case uj — id. By 5.10, the sequence 

-> («,/i . . . fi) ->• («, /i . . . fi-i) © («, /i . . . fi+i) -»• («,/i . . . fi-ififi+i) -t 

is exact. By 5.11, the left map is a minimal left (addT w /(u, f\ . . . /i))-approximation. 
Thus we have 

miT") - ( -, J U j? ) ®(«,/i... fi-ififi+i) - t" s > 

\{U, fl . . . fi) J 

as required. D 

We consider mutations at non-indecomposable summands later in §5.3. Now we are 
ready to prove 5.1. 

Proof. (2) It is shown in 5.9(1) that T" for any cj G 6 n is an MM generator of R. We 

need to show that there are no more. By 5.12, the MM generators T" for all u G & n 

forms a finite connected component in MMG R. By 4.3, they give all MM generators of 

R. 

(1) Since dimi? = 3, every modifying generator is a summand of an MM generator [IW1, 

4.18]. Hence (1) is immediate from (2). 

(3) The first assertion follows from 5.9(2). Since dimi? = 3, if there exists a CT i?-module, 
then CT i?-modules are precisely the MM generators of R [IW1, 5.11(2)]. Thus the second 
assertion follows from (2). □ 

Recall that the length £{w) of an element w G & n is the minimal number k for each 
expression w = s^ . . . Si h . The weak order on & n is defined as follows: w < w' if and only 
iil{w') =£(w)+e(w- 1 w'). 

Theorem 5.13. With the setup as above, assume that R is an isolated singularity, or 
equivalently (fi) ^ (fj) as ideals of S for any i ^ j . 

(1) The map 6„ -> MMGfl, u ^ T u is bijective. 

(2) The exchange graph EG(MMG-R) is isomorphic to the Hasse graph of the partially 
ordered set & n with respect to the weak order. 

Proof. (1) By assumption, two subsets I and I' of {1,2,..., n} satisfies Tj = Tj* if and 
only if I = V . Thus two elements w and u' in & n satisfies T u = T u if and only if u> = uj' . 
(2) By 5.12, the edges in EG(MMG R) connect w and ujSi for any u G ©„ and 1 < z < n— 1. 
This is nothing but the Hasse graph of & n . D 
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Example 5.14. We give examples for n = 4. 

(1) If (fi) ^ (fj) for all % ^ j, then EG(MMGi?) is the following: 



1234 

3 

1243- 



1324 

2 
213/ 

3 

2143 

3 

1423 





3124- 

1 
2314 

3 1 
1342 

2 

1432 

2 3 
2413 



4123 







3214 

3 

3142 

3 1 
2341 

2 

2431 

1 2 
4132 



4213 





3241 

2 
^3412 

1 

4312 

1 
4231 



3421 
1 
4321 



(2) If (/1) = (/ 2 ), (/ 3 ) and (/ 4 ) arc different, then EG(MMGi?) is the following: 

2 

o 

3114 

1 / \ 3 



1314 3141 

2 / \ 3 1 / \ 2 



'L 11 


34 
3 




13 


41 
2 


34 


11J3 
1 


1 C 1143 x 


2 c- 


1431 


431 Q 3 




1413 


4131 
1 3 ^^ 










41 

c 


13 







(3) If (/1) = (/ 2 ) 7^ (/ 3 ) = (/i), then EG(MMGi?) is the following: 



2 

o 

1331 
3 / \ 1 



1133 — 1313 3131 — 3311 

3 \ / 3 



3113 

u 
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(4) If (/i) = (/ 2 ) = (/ 3 ) ^ (/ 4 ), then EG(MMGi?) is the following: 

o 3 o 

1114-^—1141 

o u 



1 114 — ?— 1141 — ?— 1411 -^— 411 i 



(5) If (A) = (/ a ) = (/ 3 ) = (/i), then EG(MMGiJ) is the following: 

2 
if 1111 )3 



There is a geometric interpretation of all these examples in terms of curves; for 
example the following will be given a geometric interpretation in 5.35. 

Example 5.15. Let n = 5. If (/i) = (/ 2 ) + (/ 3 ) = (/ 4 ) = (/ 5 ), then EG(MMGi?) is the 
following: 




5.2. MM Modules. We keep the notations from previous sections, but we now set k = C. 
The purpose of this section is to prove the following theorem, which extends 5.1 to cover 
non-generators. 

Theorem 5.16. Let R = C[[x,y,u,v]]/(f(x,y) — uv) as above, then the basic MM R- 
modules are precisely (I ®^j 7 1 ")** j or some w g Q n an d some I G Cl(-R). 

Before we prove 5.16, we give the following surprising corollary. 

Corollary 5.17. Let R = C[[x, y,u, v]]/(f(x, y) — uv) as above. Then 

(1) There are only finitely many algebras (up to Morita equivalence) in the derived equiv- 
alence class containing the MMAs of R. 

(2) There are only finitely many algebras (up to Morita equivalence) in the derived equiv- 
alence class containing the Q-factorial terminalizations of Spec R. 

Proof. (1) Since R is a normal three-dimensional domain, MMAs are closed under derived 
equivalences [IW1, 4.8]. Thus we only have to show that there are only finitely many 
MMAs up to Morita equivalence. By 5.16 every MMA of R is Morita equivalent to 
End R ((I ® R T u )**) for some u € 6„ and some I G Cl(i?). Since End R ((7 ® R T u )**) = 
Endfl(T"), there are at most n\ possible algebras. Thus the result follows. 
(2) By [1W2, 1.9] every Q-factorial terminalization is derived equivalent to an MMA. Thus 
the assertion follows by (1). □ 

The strategy to prove 5.16 is to use the following easy fact. 

Lemma 5.18. Let M G refi? be a modifying R-module. If M has a direct summand I 
whose rank is 1, then M = (I >S>r N)** for some modifying generator N of R. 
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Proof. Let N := Hom R (I,M). Then clearly N is a generator of R and we have M = 
(/ (3^ AT)**. Since End^(iV) = End_R(M), we have that N is a modifying generator of 
R. D 

On the other hand, we require the following lemma. 

Lemma 5.19. Suppose that k — C Then for any modifying R-module M , we can choose 
a hyperplane section t satisfying the following two conditions. 

(1) R/(t) is an A m singularity, where m is the degree of the lowest term of f minus one. 

(2) t acts on E :— Ext R (M, M) as a non-zerodivisor. 

Proof. Since R is a cA m singularity (see e.g [BIKR, 6.1(e)]), a generic hyperplane section 
t satisfies the condition (1). If t acts on £ as a zero divisor, then t is contained in an 
associated prime ideal of E. But f\ R E — by 1.5, so any associated prime ideal of E 
is necessarily non-maximal. Since E has only finitely many associated prime ideals, we 
can find a hyperplane t which is not contained in any associated prime ideal of E, and 
furthermore satisfies (1). □ 

This gives the following result, which generalizes [VdB, Al] and [DH, 4.3]. 

Proposition 5.20. Assume k = C. Then any indecomposable modifying R-module has 
rank 1. 

Proof. Suppose that M G ref R is indecomposable and satisfies End R (M) G CMR. By 
1.5 we have f\ R Ext R (M,M) = 0. By 5.19 we can pick t G R such that R t := R/(t) S 
k[[x, y, z]]/(x 2 + y 2 + z m ), and t acts on Ext)j(M, M) as a non-zerodivisor. Denote A := 
Endij(M), then applying Homj{(M, — ) to the exact sequence 

O^AfA M ->■ M/tM -> 
yields 

0^A4A^ Hom R (M, M/tM) -> Ext^(Af, M) 4 Ext^(M, M) 
Since t acts on Extjj(M, M) as a non-zerodivisor, we have 

A/iA S Bom fl (Af,M/iAf) ^ End R (M/«Af) = End Hl (M/tM). 
In particular End^ (M/tM) G CMiJi, so by [ , 4.1] we have 

A/iA S End Rl (M/tM) = End Rl ((M/tM)**) 

with (M/tM)** G CMi?i. Since M is indecomposable, we have that A = End R (M) 
is a local ring. Thus A/iA = End Rl ((M/tM)**) is also a local ring, and so (M/tM)** 
is indecomposable. Since i?i is a simple surface singularity of type A m _i, it is well- 
known (e.g. [Y]) that all indecomposable CM i?i-modules have rank one. Thus we have 
1 = rk Rl {{M/tM)**) = rk Rl (M/tM) = rk R (M). D 

Now we are ready to prove 5.16. 

Proof. 5.16 now follows immediately from 5.1, 5.18 and 5.20. □ 

5.3. General MM Mutation. We once again work over a general field k. In order to 
extend 5.12 and describe mutation for non-maximal flags, it is combinatorially useful, 
given some (possibly non-maximal) flag J- = (Ii, . . . , I m ) in the set {1, 2, . . . , n}, to assign 
to T the following picture consisting of m curves: 



V(T) := 



9m+l 



where gj := fi\i_ 1 for all 1 < j < m + 1, where by convention Jo : — and / m +i := 
{1,2,. ..,n}. 

If we denote M := R and Mj := (u, fi 3 ) — (u, J\i = i 9i)> an d set T T := ©Jl Mj, 
then T^ is the modifying generator of R corresponding to J- . The correspondence between 
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non-free summands of T^ and curves of V{J-) is as follows: 

(«,//i) («»/i 2 ) ( u Ji m ) 

t t I 

91 ff2 33 9m Sm+1 

This gives us a combinatorial model to visualize mutation. 

Remark 5.21. The combinatorial model V{J-) has geometric meaning when k = C, since 
it is precisely the fibre above the origin of a certain partial crepant resolution, denoted X T 
in [IW2, §5]. In the more general case of an arbitrary field (i.e. in the setting above), we 
do not know whether the derived equivalence with a geometric space holds, but it turns 
out that the combinatorial model is still useful. 

Example 5.22. Consider / = fxhfzhhh with a flag J" = ({2, 3} C {2, 3, 1}). Then T 
corresponds to 

Hh /i ftfsfe 

The corresponding T F is R © (u, / 2 / 3 ) © (u, fifch)- 

We are interested in mutations of non-free summands of T^ , so since above such 
summands correspond to subsets of the curves, pick an arbitrary I ^ J C {1, . . . ,ro}. 
Now write J as a disjoint union of connected components: 

Definition 5.23. A connected component of J is a collection of consecutive numbers 
from i\ to i% inside {1, ...,n}, each of which belongs to J, such that i± — 1 ^ J and 
i2 + 1 ^ J- We write J = U 7=1 Jj as a disjoint union of connected components. 

Geometrically, if say m — 6 and J := {2, 3, 5} then we are simply bunching the curves 
corresponding to J into connected components as in the following picture: 

Ji: = {2,3} J 2 : = {5} 



The mutation operation acts on the set of modifying modules, hence on T^ , and 
hence on the set oiV(T). Below (see 5.27) we will justify the following intuitive geometric 
picture: 

95 



91 94 93 92 96 95 97 

where each connected component of J gets reflected. It is clear from this picture (and 
indeed we prove it in 5.27) that Hj(M) = M if and only if J is componentwise symmetric. 

Definition 5.24. For a given flag J- = (I\, . . . ,I m ), associate the combinatorial picture 
V(T) as above. For ^ J C {1, . . . , m}, we define the J -reflection of V(T) as follows: 
the number of curves remains the same, but the new position of the g's is obtained from 
the positions in 'P(.F) by reflecting each connected component of J in the vertical axis. 

We now build up to 5.27. To fix some convenient notation, we write J = U 7 - =1 Jj 
and denote 

Jj = {IjJj + 1, • • • , Uj — 1, Uj} 

to be the connected components of J, where lj stands for lower bound and Uj stands for 
upper bound. 

Lemma 5.25. Fix flag T = (1%, . . . ,I m ), and choose ^ J C {1, . . . ,m}. Write J = 
LI 7=1 J i an d consider one of the summands Mi of T^ which lies in J . Say Af lives in 
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the component Jj , then the following sequence is exact 

(™ C Jl 9a) (aJ?+l 9a ) tj -l Uj+ 1 

-► M % °" +1 ) M ; ._! © M u .+i — e ) («, ( II 9b)( II 3a)) -»• 0. (5.B) 

b=l a=i+l 

Proof. This is a special case of 5.10. □ 

Lemma 5.26. The dual short exact sequence of (5.B), namely 

o -> («, (U l b =i9b)(U a J^li9a))* -> a^.-i e m u * 3+1 -> m; -> o, 

is a minimal right add -|pr -approximation of M* . 

Proof. This is a special case of 5.11. □ 

Theorem 5.27. Fix a flag T = {I\, . . . , J m )j and associate to J- the module T^ and the 
combinatorial picture ViT}, as before. Choose / J C {1, . . . , m) , then fij^T^) is the 
module corresponding to the J -reflection of r P(T'). 

Proof. Consider the first connected component J\. By 5.26 we know that M Ul mu- 
tates to (u, dlb^i 9b)gu 1 +i)**, which is isomorphic to (u, dlbtTi 9b)9ui+i)- Similarly, 
M Ul _i mutates to (u, (Ylb=i 9b)9ui+i9ui)- Continuing, we see that M Ul _i mutates to 
( u i (IIo^i 9b)9u!+i ■ ■ -9ui-i+i) for all 1 < i < u% — l\. Since the combinatorial picture 
is built by ordering the summands in increasing lengths of products, we see that in the 
combinatorial picture, the component J\ has been reflected. The proof that the remaining 
components are reflected is identical. □ 

Example 5.28. As in 5.22, consider / = hhhhhh with na S ? = (I 2 : 3 I £ I 2 ; 3 > !})• 
Then T^ = R © («, / 2 / 3 ) (u, /1/2/3), which pictorially is 

72/3 /1 74/5/6 

Pick summand (u, 71/2/3), then the mutation is given by 

/2/3 /1 f&fsfe /2/3 f&fsfe. /1 

and so ju-(T^) = i2 © («, / 2 / 3 ) © («, hhhhh). 

We now calculate the quiver of End^(T- F ). To ease notation, for a given flag J 7 = 

fi f 

(Jl, . . . , J m ) we denote #1 := / 7l , set £,- := -^- for all 2 < j < m, and g m+ i := j£-. 

Corollary 5.29. Given a flag J- = (Ji, . . . , J m ), iw£/l notation as above the quiver of 
Endjj(T jr ) is as follows: 







^1 



together with the possible addition of some loops, given by the following rules: 

• Consider vertex R. If {gi,g m +i) = (x,y) in the ring k[[x,y]], add no loops at 
vertex R. Hence suppose (gi,g m +i) C (x,y). If there exists t € (x,y) such that 
(ffiiffm+1,0 = (x,y), add a loop labelled t at vertex R. If there exists no such t, 
add two loops labelled x and y at vertex R. 

• Consider vertex T\ i . If (gi,gi + \) — (x,y) in the ring k[[x,y]], add no loops at 
vertex Ti i . Hence suppose (<7i, ffj+i) Q (x,y). If there exists t G (x, y) such that 
(<?j, <?j_l_i, t) = (x,y), add a loop labelled t at vertex Ti t . If there exists no such t, 
add two loops labelled x and y at vertex Tj i . 
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Proof. (1) Since Hom^(i?,_R) = Honifj (Tr^T/J = R, we first must verify that at each 
vertex we can see the elements u,v,x,y as cycles at that vertex. Certainly u is there (as 
it is the path followed anticlockwise around the circle) , and certainly v is there (being the 
path followed clockwise around the circle). It is possible to see cycles x and y at every 
vertex by the rules for loops. 

(2) Since HoniR (_R,T/J = Tj i , we must verify that we can see the generators of Ti t as 
paths from vertex R to vertex T\ i . But this is clear, as n, =1 9j IS ^ ne clockwise path, and 
u is the anticlockwise path. 

(3) As a module over the centre, the paths from vertex Ti i to vertex R are generated 
by two paths from vertex Tj i to R, namely the one clockwise, which is -f4-, and the one 
anticlockwise, which is inclusion. Since Hom^j(T/ i ,i?) = (u,4-) by 5.4, clearly this is 
isomorphic to paths from Ti i to R. 

(4) The argument for paths from Tj i to Tj j is identical to the argument in (3), using the 
isomorphism in 5.4. □ 

Remark 5.30. When k is algebraically closed of characteristic zero, we remark that there 
are at least two other methods for computing the quiver of End^(T -7r ). One way would 
be to use reconstruction on 1-dimensional fibres a la GL(2, C) McKay Correspondence 
[W]. Another is to compute the quiver of End^X 1 ^) in the one-dimensional setting, as in 
[BIKR, 4.10], and then use Knorrer periodicity. This last method only gives the quiver of 
the stable endomorphism algebra, so more work would be needed. 

5.4. Geometric Corollaries. To apply §5.3 to geometry, in this section we revert to the 
assumption that k = C. As remarked before in 5.21, given a flag J- = (ii, . . . , I m ) we can 
associate a scheme X^ that gives a partial crepant resolution of Spec R. The procedure 
is described in [TW2, §5.1]: first blowup the ideal (u, //J on Speci? to obtain a space 
denoted X^ 1 . Then on X^ 1 blowup the ideal (u, // 2 \/ 1 ) to obtain a space X^ 2 . On X^ 2 
blowup the ideal (u, fi 3 \i 2 ) to obtain a space X^ 3 , and so on. Continuing in this fashion 
we obtain a chain of projective birational morphisms 

x r m _^ x ^ m _i _^ _ _ _ _j. X T X _^ SpeCjR 

and we define X^ :— X^™-. The following was shown in [IW2, 5.2]. 

Theorem 5.31. X^ is derived equivalent to Endfl(T -F ), and the fibre above the origin of 
the composition X^ —¥ Spec R can be represented by the picture 



9n, + l 



(5.C) 



where gj := fi\i _x for all I < j < m + 1, where by convention Iq := and I m +i '■= 
{1,2, ...,n}. The red dots in the above picture represent the possible points where the 
scheme X^ is singular, where the red dot marked gi is a point which complete locally is 
given by C[[x,y,u,v]]/(gi -uv). 

Combining this information together with 4.2 and 5.27, we can now produce derived 
equivalences between partial crepant resolutions of Spec R, and also produce derived au- 
toequivalences . 

Theorem 5.32. Every collection of curves above the origin in the partial resolution X^ — > 
Speci? determines a derived autoequivalence of X^ . 

Proof. Pick a collection of curves {Cj \ j £ J}. For simplicity, we give the proof for the 
case \J\ — 1, but the general situation is the same. Pick a curve C in X^ , so locally the 
fibre above the origin (5.C) is 

9i-l gi 9i+l 9i+2 

Now X^ is derived equivalent to Endij(T- F ) by 5.31, and by 5.27, mutating the summand 

9i-l gi 9i + l Si+2 3i-l ffi+l 9; 9»+2 
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gives us a derived equivalence between End^T^) and End#(T e ), where Q is the flag 
associated with the reflection. Since X$ is derived equivalent to Endfl(T G ) by 5.31, 
composing it follows that X^ is derived equivalent to X s . If gi = g.; + i then X T = X s 
and so this is our derived autoequivalence of X . Otherwise gi ^ gi+i, and so in this case 
reflecting again 

9i-l 9i + l 3; ffi+2 3;-l 9i gi + l 9i+2 

gives a derived equivalence between X s and X^ . Composing the chain of equivalences 
D b (cohX- F ) — » D b (cohX G ) — \ D b (cohX- F ) is then our desired autoequivalence. □ 

Now we note that even if two partial crepant resolutions of Spec R both contain the 
same number of curves above the origin, they need not be derived equivalent: 

Example 5.33. In the case / = xxy, the crepant partial resolutions with one curve are 



XW X^ 1 ^ X^ X^ 1 ^ 

The two spaces X^ and X^ 1 ' 3 ^ are derived equivalent via mutation, and the two spaces 
X^ 1 and X^ 1 ' 2 } are also derived equivalent via mutation. However they are not all derived 
equivalent, since if D b (cohX«) w D b (cohX< 3 }) then D sg (XW) « B 5g {X^), which by 
[IW2, 3.7(2)] gives CMC[[it, v, x, y]]/(uv - x 2 ) « CMC[[u, v, x, y]]/(uv - xy). But this is 
impossible, since (for example) the left hand side has infinite dimensional Horn-spaces, 
whereas in the right hand side all Horn spaces are finite dimensional. 

The following is immediate from the theory of mutation: 

Corollary 5.34. In the case k — C, suppose that J- = {I\, . . . , I m ) and Q = (Ji, . . . , J n ) 
are flags. Then X^ and X s are derived equivalent if n = m and the singularities of X^ 
can be permuted to the singularities of X^ . 

Proof. Since D b (X^) ~ D b (End fl (T- F )) and D h (X g ) ~ D b (End fl (T e )), the result follows 
if we establish that End^T^) and End^T^) are derived equivalent. Now mutation 
always gives derived equivalences (4.2), and mutation corresponds to permuting the order 
of the singularities (5.27). Hence if the singularities of X^ can be permuted to the 
singularities of X* , certainly there is a finite number of mutations which transforms 
V{T) into V{G), hence End fl (T- F ) and End fl (T e ) are derived equivalent. □ 

Example 5.35. Let / = /f/f = fififzfsfs,- Then the exchange graph (removing loops) 
for maximal modifying generators is the following, which has already been observed in 
5.15 

/l /l /3 /3 /3 /3 /l /l /3 /3 /3 /3 /l /l /3 /3 /3 /3 /l /l 



/l /3 /l /3 /3 /3 /l /3 /l /3 /3 /3 /l /3 /l 



/l /3 /3 /l /3 /3 /l /3 /3 /l 



/l /3 /3 /3 /l 

where for clarity we have illustrated only those that are connected via a mutation by an 
indecomposable summand. If we include mutations by more that one summand, there are 
many more connecting lines. 

Remark 5.36. Geometers will recognize the above picture, since when k = C it corre- 
sponds exactly to the flops of (single) curves on the Q-factorial terminalizations of Spec R. 
This is related to §5.4, but we will address this problem in more detail in future work. 
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By 5.33 and 5.34, for general partial resolutions it is clear that very rarely will T^ 1 
and T^ 2 be linked by mutations. However, if both T^ 1 and T^ 2 have the maximal 
number of summands (i.e. V{J-\) and V{J : <i) have the maximal number of curves), the 
homological algebra is much better behaved. We already know that the exchange graph 
for MM generators is connected (§5.1). Combining this with 5.34 in the case k = C proves 
1.16 in the introduction, namely: 

Corollary 5.37. All ^-factorial terminalizations of Spec R are derived equivalent. 
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